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Abstract  

The operation of a three-level (3L) converter with a neutral point (NP) employed in a medium voltage 
(MV) wind energy conversion system (WECS) is investigated. In particular, the voltage ripple of the 
upper or the lower half of the dc-link and its dependence on the relative phase of the carriers in a carrier-
based pulse width modulation (CB-PWM) scheme is investigated. It is shown that the carrier phase has 
no influence on the half dc-link voltage ripple. 

Introduction 
The peak value of the voltage of each half of the dc-link is an important design related quantity of a 3L 
converter with a neutral point, because its value must not exceed the maximum blocking voltage of the 
semiconductors. When carrier-based pulse width modulation (CB-PWM) is employed for the converter 
modulation the ripple of the above voltage can be separated in two groups of frequency components: 
low frequency components related to the average value of the output voltage within one switching period 
(switching is not taken into account) [1] and high frequency components related to the switching. The 
former depend on the CB-PWM reference and the current displacement factor and they have been 
examined in detail in previous works [1]-[3], where a special CB-PWM reference to suppress the low 
frequency ripple has been derived. 
 
In this work we focus on the latter, the frequency components related to the switching. Exact knowledge 
of the characteristics of the above components is of paramount importance, since they contribute to the 
peak value of half the dc-link voltage. Knowledge of their dependence on the CB-PWM reference and 
the carrier configuration, as well as on the modulation index and the current displacement factor is 
necessary for a correct selection of the dc-link capacitance value. 

Mathematical modelling of the converter 
The circuit diagram of a 3L voltage source converter with an NP is shown in Fig. 1. The dc-link 
capacitances ܥ are considered identical but the instantaneous voltages of the upper and lower dc-link 
halves, ୢݒୡ,୦(ݐ) and ୢݒୡ,୪(ݐ), may be different. The integer variable ݑ௫ ∈ {−1,0,1} denotes the switch 
position in the phase leg ݔ, with ݔ ∈ {a, b, c}. The variable will henceforth be referred to as switching 
function. The voltages of the three phases referred to the NP for different values of the switching 
function are given by 

(ݐ)௫ݒ = 	ቐୢݒୡ,୦(ݐ)	, (ݐ)௫ݑ = (ݐ)௫ݑ															,0	1 = ,(ݐ)ୡ,୪ୢݒ	0 (ݐ)௫ݑ = −1	 .           (1) 
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Fig. 1:  Circuit diagram of a 3L voltage source converter with a neutral point and ideal switches 
supplying a 3-phase AC system [4]. 

 
The total instantaneous dc-link voltage is given by  ୢݒୡ(ݐ) = (ݐ)ୡ,୦ୢݒ	 +  (2)             (ݐ)ୡ,୪ୢݒ

and the NP potential by  ݒ୬୮(ݐ) = 	 ଵଶ (ݐ)ୡ,୪ୢݒ] −  (3)           .  [(ݐ)ୡ,୦ୢݒ

The NP potential evolves as a function of the NP current ݅୬୮(ݐ)	according to dݒ୬୮dݐ = 12 ቈdୢݒୡ,୪(ݐ)dݐ − dୢݒୡ,୦(ݐ)dݐ  = −12 1ܥ ݅ୢୡ,୪(ݐ) − ܥ1 ݅ୢୡ,୦(ݐ)൨ =	− ଵଶ ൣ݅ୢୡ,୪(ݐ) − ݅ୢୡ,୦(ݐ)൧ = − ଵଶ ݅୬୮(ݐ) , 
which leads to  	ݒ୬୮(ݐ) = − ଵଶ  ݅୬୮(߬)d߬௧  ୬୮(0).           (4)ݒ	+

To calculate ݒ୬୮ as a function of the angle in (4) we make a change of variable from ݐ to ߠ = (ߠ)୬୮ݒ ݐ߱ = − ଵଶఠ  ݅୬୮(ߞ)dߞఏ      . ୬୮(0)ݒ	+

The NP current can be calculated from the AC currents as follows: ݅୬୮(ݐ) = ∑ 	(1 − 	୶௫∈{ୟ,ୠ,ୡ}݅	(|(ݐ)௫ݑ| ݔ with ,(ݐ) ∈ {a, b, c}.       (5) 

If  ∑ 	݅୶௫∈{ୟ,,}	 (ݐ) = 0 (star connection of the phases or symmetrical currents) we get from (5) ݅୬୮(ݐ) = −∑ 	௫∈{ୟ,ୠ,ୡ}(ݐ)௫݅|(ݐ)௫ݑ|  .     (6) 

 

The phase currents appear on the upper and the lower rail of the dc-link if the corresponding switching 
function ݑ௫ is equal to 1 and −1 respectively. Thus, they can be modelled as follows [4]: ݅ୢୡ(ݐ) + ݅ୢୡ,୦(ݐ) = ∑ (ݐ)௫ݑ ௨ೣ(௧)ାଵଶ ݅௫(ݐ)௫∈{ୟ,ୠ,ୡ}	 =																																																																							ଵଶ ∑ (ݐ)௫݅|(ݐ)௫ݑ| +௫∈{ୟ,ୠ,ୡ}	 ଵଶ ∑ 	௫௫∈{ୟ,ୠ,ୡ}݅(ݐ)௫ݑ  (a.7) (ݐ)

and 



݅ୢୡ(ݐ)+݅ୢୡ,୪(ݐ) = −∑ (ݐ)௫ݑ ௨ೣ(௧)ିଵଶ ݅௫(ݐ)௫∈{ୟ,ୠ,ୡ}	 =																																																																						− ଵଶ∑ (ݐ)௫݅|(ݐ)௫ݑ| +௫∈{ୟ,ୠ,ୡ}	 ଵଶ ∑ 	௫∈{ୟ,ୠ,ୡ}(ݐ)௫݅(ݐ)௫ݑ . (7.b) 

If we subtract ݅ୢୡ from the above currents, the currents in the dc-link capacitors can be calculated: ݅ୢୡ,୦(ݐ) = ଵଶ∑ 	௫∈{ୟ,ୠ,ୡ}(ݐ)௫݅(ݐ)௫ݑ + ଵଶ∑ 	௫∈{ୟ,ୠ,ୡ}(ݐ)௫݅|(ݐ)௫ݑ| − ݅ୢୡ(ݐ)      and  (8.a) ݅ୢୡ,୪(ݐ) = ଵଶ∑ 	௫∈{ୟ,ୠ,ୡ}(ݐ)௫݅(ݐ)௫ݑ − ଵଶ∑ 	௫∈{ୟ,ୠ,ୡ}(ݐ)௫݅|(ݐ)௫ݑ| − ݅ୢୡ(ݐ) .   (8.b) 

The capacitor voltages are given by  ୢݒୡ,୦(ݐ) = − නܥ1 ݅ୢୡ,୦(߬)݀߬௧
 + ୡ,୦(0)ୢݒ (ߠ)ୡ,୦ୢݒ 			<= = − ଵఠ  ቂଵଶ∑ (ߞ)௫݅|(ߞ)௫ݑ| +௫∈{ୟ,ୠ,ୡ}	 ଵଶ∑ 	௫∈{ୟ,ୠ,ୡ}(ߞ)௫݅(ߞ)௫ݑ − ݅ୢୡ(ߞ)ቃ݀ߞఏ +  ୡ,୦(0) (9.a)ୢݒ

and ୢݒୡ,୪(ݐ) = − නܥ1 ݅ୢୡ,୪(߬)݀߬௧
 −=(ߠ)ୡ,୪ୢݒ <= ଵఠ  ቂ− ଵଶ∑ (ߞ)௫݅|(ߞ)௫ݑ| +௫∈{ୟ,ୠ,ୡ}	 ଵଶ ∑ 	௫∈{ୟ,ୠ,ୡ}(ߞ)௫݅(ߞ)௫ݑ − ݅ୢୡ(ߞ)ቃ ఏߞ݀ +  ୡ,୪(0). (9.b)ୢݒ

Finally, from (2) and (9) the total dc-link voltage can be calculated: ୢݒୡ(ݐ) = (ݐ)ୡ,୦ୢݒ	 + (ݐ)ௗୡ,୪ݒ (ߠ)ୡୢݒ																											 <= = ଵఠ  ൣ−∑ 	௫∈{ୟ,ୠ,ୡ}(ߞ)௫݅(ߞ)௫ݑ + 2݅ୢୡ(ߞ)൧dߞ + ୡ(0)ఏୢݒ  .  (10) 

By reformulating (2) and (3) the capacitor voltages can be also expressed as ୢݒୡ,୦(ݐ) = 	 ௩ౚౙ(௧)ଶ − (ݐ)ୡ,୪ୢݒ (a.11)            ,  (ݐ)୬୮ݒ = 	 ௩ౚౙ(௧)ଶ +  (b.11)                  .  (ݐ)୬୮ݒ

As can be seen from (11) the voltage of each half of the dc-link is equal to the sum or the difference of 
half the total dc-link voltage and the NP potential. 

Harmonics of the switching function 
The switching that takes place in a 3L converter generates harmonic components at multiples of the 
carrier frequency and at their respective sidebands. The two carriers can be arranged either in phase 
disposition (PD) or in phase opposition-disposition (POD). With PD the two level-shifted carriers are in 
phase, whereas with POD the carriers have a phase difference of ߨ. Analytical solutions of the switching 
function harmonics caused by modulation have been calculated in [5] for both cases when a sinusoidal 
reference is considered for the CB-PWM. 
 
In the case of PD the switching function in phase a can be expressed as the following sum of harmonics: ݑୟ	=		∑ ଵଶିଵ Cଶିଵ cos[(2݉ − 1)߱ݐ] + ଶగ∑ ଵଶ∑ Cଶ,ଶାଵ cos[2݉߱ݐ +ఢℤఢℕఢℕ						(2݊ + 1)߱ଵݐ] + గ଼మ ∑ ଵଶିଵ∑ Cଶିଵ,ଶ cos[(2݉ − 1)߱ݐ + 2݊߱ଵݐ]ఢℤ\{}ఢℕ ,               (12) 

where ߱  is the carrier angular frequency and ߱ ଵ is the fundamental angular frequency. The coefficients Cଶିଵ, Cଶ,ଶାଵ, Cଶିଵ,ଶ, have been analytically calculated for a sinusoidal reference and natural 
sampling in [5], but not for a reference that includes a CM component. As it will become evident from 
the subsequent numerical analysis the coefficients Cଶିଵ, Cଶ,ଶାଵ, Cଶିଵ,ଶ depend on the 
modulation index. The latter is defined by the ratio of the amplitude of the fundamental harmonic to half 
the dc-link voltage:  ݉ଷ 	= ௩ොభ௩ౚౙ/ଶ          (13) 



It can be observed in (12) that harmonic components are present at multiples of the carrier frequency. 
This is exactly the feature that gives PD its superior performance when it comes to current ripple, since 
the above harmonics are common-mode (CM) harmonics and do not appear in the line-to-line or the 
phase-to-star point voltage. In addition, one can observe odd sidebands around even carrier multiples 
and even sidebands around odd carrier multiples. As with all CB-PWM strategies, the triplen sideband 
harmonics (i.e. multiples of three of the fundamental) are CM harmonics and cancel in the line-to-line 
voltage [5]. 

The absolute value of the switching function can be expressed as the following sum of harmonics: |ݑୟ|=		∑ ଵଶCଶ sin[2݉߱ݐ] + ∑ ଵଶିଵ∑ Cଶିଵ,ଶାଵ sin[(2݉−1)߱ݐ +ఢℤఢℕఢℕ										(2݊ + 1)߱ଵݐ] + ∑ ଵଶ∑ Cଶ,ଶ sin[2݉߱ݐ + 2݊߱ଵݐ]ఢℤ\{}ఢℕ .   (14) 

In the case of POD the switching function can be expressed as the following sum of harmonics: ݑୟ	=		ଶ ∑ ଵ∑ C,ଶାଵ cos[݉߱ݐ + (2݊ + 1)߱ଵݐ]ఢℤఢℕ .                  (15) 

 
Fig. 2: Switching function harmonics for PD. 

 
Fig. 3:  Absolute switching function harmonics 
for PD. 

 

 
Fig. 4: Switching function harmonics for POD. 

 
Fig. 5: Absolute switching function harmonics 
for POD. 
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The absolute value of the switching function can be expressed as the following sum of harmonics: |ݑୟ|=		∑ ଵ∑ C,ଶାଵ sin[݉߱ݐ + (2݊ + 1)߱ଵݐ]ఢℤఢℕ .     (16) 

 
Consider CB-PWM with a sinusoidal CM component at three times the fundamental frequency that 
extends the linear region of the modulator. This technique is known as “third harmonic injection” [5]. 
Numerical analysis via FFT shows in the case of PD a strong CM harmonic component in the switching 
function at the switching frequency (cf. Fig. 2), which takes its maximum value close to a modulation 
index of ݉ଷ ≈ 0.65. This component does not appear in the harmonics of the absolute value of the 
switching function (cf. Fig. 3). When POD is applied the opposite happens: the large CM harmonic 
components appear only in the harmonics of the absolute value of the switching function (cf. Fig. 4 and 
Fig. 5). 
 
The presence or lack of a CM harmonic component at the carrier frequency is of paramount importance 
for the amplitude of the NP potential ripple and of the total dc-link ripple, as it will become clear from 
the harmonic transfer rules and the numerical analysis presented in the next sections. 

Harmonics transfer rules from the ac to the dc side 
As shown in the previous section the total dc-link voltage and the NP potential can be calculated from 
the convolution of the phase currents with the switching functions and their absolute value respectively. 
In such calculations sums of the three-phase quantities appear. In [4] symmetrical operating conditions 
were assumed and the following rules have been derived for the resulting dc-link components in the 
frequency domain:  
 

1. If the symmetrical components of the current harmonic and the switching function harmonic 
describe either a positive-sequence system or a negative sequence system, then their convolution 
onto the DC side will result in a single harmonic. 
 

2. If the current harmonic and the switching function harmonic have the same/different phase 
sequence, the harmonic order of the resulting dc-link harmonics will be the difference/sum of 
the individual AC-side harmonic orders. 
 

3. If the symmetrical components of either the current harmonic or the switching function 
harmonic describe a zero-sequence system, their convolution will not result in any dc-link 
harmonics. 

 
The above harmonic transfer rules, especially the last one, are very important for the understanding of 
the results that are presented in the next section. They show that only some sums and differences of 
frequencies appear in the dc-link harmonic components whereas others cancel out when the sum of the 
three phases is considered. 

Harmonics of the dc-link voltage ripple  
Consider a 3.3 kV converter rated at 8.5 MVA with a total dc-link voltage of 5 kV for a WECS. 
Characteristic numerical results for the harmonics of the NP potential, total dc-link voltage and upper 
(dc-link) capacitor voltage are presented in Fig. 6 - Fig. 7, Fig. 8 - Fig. 9, and Fig. 10-Fig. 11 respectively. 
Naturally sampled CB-PWM has been considered. The selected carrier frequency fୡ = 350	Hz for the 
investigation lies in the range of typical carrier frequencies of converters in this power range; the 
fundamental frequency (of the generator) is fଵ = 10	Hz. The current ripple has been neglected in the 
analysis, since it is very small for such a carrier to fundamental frequency ratio. The CB-PWM reference 
includes a CM component of three times the fundamental frequency that extends the linear region of the 
modulator.  
 



In Fig. 6 - Fig. 7 one can observe that if PD is used a strong harmonic component at the carrier frequency 
is present in the NP potential, which doesn’t appear when POD is employed. This happens because in 
POD a strong CM component at the carrier frequency appears in the absolute value of the switching 
function (cf. Fig. 5). The latter does not cause any component on the dc-side according to the harmonic 
transfer rule No. 3 of the previous section. The strongest harmonic components of the NP ripple in the 
case of POD appear at ୡ݂ ± 3 ଵ݂ and at ୡ݂ ± 9 ଵ݂. Their amplitudes are significantly smaller than those at 
the carrier frequency in the case of PD. 
 
Regarding the harmonics on the total dc-link voltage, it can be clearly seen that PD produces lower 
harmonics compared to POD (cf. Fig. 8 and Fig. 9). In POD a strong harmonic component at the carrier 
frequency appears, whose amplitude gets its maximum value for a modulation index of approximately 0.62. Because of this strong harmonic component POD is suboptimal when it comes to dc-link voltage 
ripple. In PD no strong component close to the carrier frequency appears, because the harmonic of the 
switching function at the carrier frequency is a CM harmonic (see again rule No. 3 of previous section). 
 
For the semiconductors the sum or the difference of the previously discussed quantities is critical, i.e., 
the voltage harmonics of the upper (or lower) dc-link capacitor. This voltage contains the harmonics 
from both the NP potential and the total dc-link voltage. Because of that the voltage harmonics have the 
same frequency and amplitude regardless of the selection of PD or POD. An inspection of Fig. 10 and 
Fig. 11 proves that. In fact, for all possible phase displacements between the two carriers the frequencies 
and the amplitudes of the harmonics are the same. 

 
Fig. 6: Harmonics of the NP potential for PD. 

 
 

 
Fig. 7: Harmonics of the NP potential for POD.

 
Fig. 8: Harmonics of the total dc-link voltage for 
PD. 

 

 
Fig. 9: Harmonics of the total dc-link voltage 
for POD. 
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For a given carrier frequency and dc-link capacitance their amplitudes depend only on the current 
displacement factor. Their amplitudes decrease slightly with decreasing displacement factor as can be 
seen when comparing Fig. 12 with Fig. 13. 

Conclusion 

The switching related ripple of the dc-link voltage of a carrier-based pulse width modulated three-level 
converter has been investigated. Of special interest is the voltage ripple of each half of the dc-link. Its 
peak value must not exceed the maximum blocking voltage of the semiconductors. Numerical analysis 
has shown that although the harmonics of the NP potential and the harmonics of the total dc-link voltage 
depend on the relative phase of the two carriers, the harmonics of the upper and the lower half of the dc-
link voltage are unaffected by the carrier phase. For a given carrier frequency and dc-link capacitance 
their amplitudes are influenced only be the displacement factor of the fundamental current component. 
 
The presented analysis is valid for high ratios between the carrier frequency and the fundamental 
frequency, as it is the case for gearless wind energy generation systems. In such a case the current ripple 
doesn’t contribute significantly to the dc-link voltage ripple and can be neglected. 
 
 

Fig. 10:Harmonics of the upper half of the dc-link 
voltage for PD. 

 

Fig. 11: Harmonics of the upper half of the dc-
link voltage for POD. 

 

 
Fig. 12: Harmonics of the upper half of the dc-
link voltage for PD. 
 

Fig. 13: Harmonics of the upper half of the dc-
link voltage for POD. 
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