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Abstract—This paper presents the computation of three-level
optimized pulse patterns (OPPs) that minimize, and, when
physically possible, eliminate the low-order torque harmonics by
incorporating explicit constraints into the optimization problem.
To prevent the consequent deterioration in the output current
quality, the symmetry constraints typically imposed on OPPs are
relaxed. As a result, the proposed OPPs not only suppress the
targeted torque harmonics but also keep the current harmonics
low and close to those of conventional OPPs, as demonstrated
by the presented numerical results. At the same time, the torque
ripple produced by the proposed OPPs is comparable to—or, for
some modulation indices, even lower than—that of conventional
programmed modulation methods.

Index Terms—Medium-voltage (MV) drives, pulse width mod-
ulation (PWM), optimized pulse patterns (OPPs), torque har-
monics, current harmonics.

I. INTRODUCTION

In pulse width modulated (PWM) converters, the switching

nature of the generated output voltage introduces harmonic

distortions in the output current. Conventional PWM methods,

such as carrier-based PWM (CB-PWM) and space vector

modulation (SVM), can produce currents of high quality

when the switching-to-fundamental frequency ratio, i.e., the

pulse number, is high. However, in medium-voltage (MV)

drives, where the switching frequency is kept low to limit the

switching losses, their performance significantly deteriorates.

Therefore, programmed PWM methods such as selective har-

monic elimination (SHE) [1], [2] and optimized pulse patterns

(OPPs) [3] offer a favorable approach for achieving minimal

harmonic distortions at low pulse numbers.

Regardless of the PWM method used, harmonic distortions

appear in the stator flux and current. The interaction between

these two physical quantities results in low-order torque har-

monics. These harmonics are undesirable because, when their

frequencies are close to the mechanical resonance of the shaft,

they can lead to pulsating torque oscillations and potentially

damage the motor shaft [4], [5]. Therefore, it is desirable to

minimize the amplitude of these harmonics, if not eliminate

them entirely.

These low-order torque harmonics can be mitigated at the

control level by generating the appropriate current reference to

compensate for them [6], [7]. However, it can be beneficial to

account for them in the modulation stage to keep the control

structure simple. In this direction, [8] proposed a modified

SVM method that combines discontinuous and continuous

switching patterns with different switching frequencies. More-

over, by adjusting the carrier frequency of the hybrid dis-

continuous PWM patterns, the torque ripple can be reduced

while simultaneously lowering the switching losses [9]. These

methods, however, are designed for high pulse numbers, and

their operating principles may no longer hold when the pulse

number is significantly reduced.

For low pulse numbers, programmed PWM methods are

generally preferred. For example, SHE eliminates a prede-

fined number of low-order current harmonics for a given

pulse number, effectively reducing the total demand distortion

(TDD) of the output current compared to conventional PWM

methods operating at the same switching frequency. As a

byproduct, since the low-order current harmonics are zero,

the resulting low-order torque harmonics are also eliminated.

However, the utilization of the dc-link voltage is limited

because it is not possible to eliminate the low-order current

harmonics over the whole modulation range. On the other

hand, conventional OPPs are computed through an offline

optimization procedure that minimizes the stator current TDD,

thus achieving the lowest harmonic distortions for a given

pulse number. However, they do not directly reduce the low-

order current harmonics, which contribute to low-order torque

harmonics [10]. Hence, although these harmonics are usually

lower than with conventional PWM methods, their amplitudes

are not explicitly addressed during the OPP design process.

To suppress the vibrations and noise caused by torque har-

monics, [11] and [12] proposed the computation of OPPs that

minimize the torque—instead of the current—TDD. Moreover,

by including additional constraints that relate to the amplitude

of the OPP harmonics, individual torque harmonics can be

eliminated [13]–[15]. However, such an approach increases

the harmonics at higher frequencies, thus deteriorating the

current quality. Furthermore, the modulation range over which

the low-order torque harmonics can be eliminated is limited.

To tackle this issue and compute OPPs at high modulation

indices, [16] proposed minimizing the current TDD while

keeping the torque harmonics within predefined limits. Al-

ternatively, the current harmonics that give rise to low-order

torque harmonics can be bounded, as shown in [17] for



interior permanent magnet synchronous motors (IPMSMs),

albeit without eliminating them. Moreover, to achieve a good

balance between current and torque quality, the two objectives

can be combined into a single objective function, as shown

in [18] and [19] for dual three-phase PMSMs (DTP-PMSMs).

As shown in [20], by relaxing the symmetry properties of

the pulse pattern, not only the amplitude but also the phase

of the current harmonics can be manipulated, introducing

additional degrees of freedom into the optimization problem.

This feature can be exploited to improve the current harmonic

performance while eliminating targeted torque harmonics. In

addition, due to the relaxation of the OPP symmetry, the

modulation range for which the torque harmonics can be

eliminated is increased. Hence, the limitations of the afore-

mentioned programmed PWM approaches can be overcome

by appropriately designing the OPP optimization problem.

Thus, this paper proposes the computation of OPPs with

relaxed symmetry properties that eliminate the low-order

torque harmonics. As a first step, an analytical relationship

between the OPP harmonics and resulting torque harmonics is

derived. This is used to directly constrain the low-order torque

harmonics in the OPP problem. Additionally, as shown, the

relaxation of the symmetry properties effectively enables the

elimination of the low-order torque harmonics for the widest

possible range of modulation indices without significantly

compromising the current quality. When complete elimination

is not physically possible, OPPs with limited torque harmonics

are computed up to the maximum achievable modulation

index. The presented numerical results based on an MV

drive consisting of a three-level neutral-point-clamped (NPC)

converter and an induction machine (IM) demonstrate the

benefits of the proposed approach.

II. CONVENTIONAL THREE-LEVEL OPPS

Consider a three-level 2π-periodic switching pattern u(θ)
with fundamental frequency f1 and 4d switching events, i.e.,

transitions, per fundamental period, where d is the pulse

number. This implies that the resulting device switching

frequency is fsw = df1. Each of these switching transitions

∆ui = ui − ui−1 ∈ {−1, 1}, with i ∈ {1, . . . , 4d}, and

switch positions uj ∈ {−1, 0, 1}, j ∈ {0, . . . , 4d}, occurs

at a switching angle αi.

Due to the 2π-periodicity, the pulse pattern can be described

by the Fourier series

u(θ) =
a0
2

+

∞
∑

n=1

(an cos(nθ) + bn sin(nθ)) , (1)

where an and bn are the Fourier coefficients of the nth

switching harmonic. The corresponding voltage harmonics are

given by

vn =
Vdc

2
un , (2)

where Vdc is the dc-link voltage. Based on the harmonic model

of the machine shown in Fig. 1, it holds that

vn = Rsin +Xσ

din
dt

, (3)

in
Rs

Xσvn

−

+

Fig. 1: Harmonic model of an induction machine

where Xσ denotes the total leakage reactance and Rs the stator

resistance. Assuming that Rs ≈ 0, the amplitude of the nth

current harmonic is

în =
1

nω1Xσ

Vdc

2
ûn , (4)

where ω1 is the fundamental angular frequency and ûn =
√

a2n + b2n is the amplitude of the nth switching harmonic.

Therefore, the load current TDD is given by

ITDD =
1√

2Inomω1Xσ

Vdc

2

√

√

√

√

∑

n6=1

(

ûn
n

)2

, (5)

where Inom is the nominal current. Note that it can be deduced

from (5) that the current TDD is proportional to the weighted

sum of the harmonics of the switching signal.

The switching pattern (i.e., OPP) that produces the lowest

possible harmonic distortions is computed by minimizing

the load current TDD ITDD. For conventional OPPs, three-

phase and quarter- and half-wave symmetry (QaHWS) is

assumed. Therefore, only d switching angles α ≡ αQ =

[α1 α2 . . . αd]
T ∈ [0, π/2]d are required to fully describe

u(θ). Additionally, due to the QaHWS, the an Fourier coeffi-

cients are zero, while the bn coefficients are

bn =
4

nπ

d
∑

i=1

∆ui cos(nαi) , n = 1, 3, 5, . . . .

As a result, conventional QaHWS OPPs are computed by

solving an optimization problem of the form

minimize
αQ

J(αQ) =
∑

n=5,7,...

(

bn
n

)2

subject to b1 = m
0 ≤ α1 < α2 < . . . < αd ≤ π

2
,

(6)

where m ∈ [0, 4/π] is the desired modulation index. Note

that even harmonics are zero due to the QaHWS, while triplen

harmonics do not drive harmonic current.

III. TORQUE-CONSTRAINED THREE-LEVEL OPPS

A. Torque Harmonics Modeling

A three-level NPC converter with an IM is shown in Fig. 2.

The per unit (p.u.) electromagnetic torque of the IM is given

by

Te =
1

pf

(

ψs,αβ × is,αβ
)

, (7)
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Fig. 2: Three-level NPC converter driving a machine.

where pf = cosφ is the power factor, with φ being the

displacement angle. Moreover, ψs,αβ and is,αβ are the stator

flux and current, respectively, in the stationary αβ-plane.

These quantities can be expressed as the sum of their funda-

mental and harmonic components. Regarding the fundamental

components, a fully magnetized machine is assumed, implying

a flux amplitude Ψs = 1 p.u., while the amplitude of the

current is denoted as I1.

The harmonic components of the flux and current can be

computed based on the switching signal harmonics. To this

end, the OPP switching signal is first transformed in the

stationary αβ-plane, resulting in

us,α = m sinω1t+
∑

n=6k±1

an cosnω1t+ bn sinnω1t (8a)

us,β =−m cosω1t+
∑

n=6k−1

−an sinnω1t+ bn cosnω1t

+
∑

n=6k+1

an sinnω1t− bn cosnω1t . (8b)

Hence, with (8), (2), and the voltage equation

vs,αβ = Rsis,αβ +
dψs,αβ

dt
, (9)

the stator flux can be written as (assuming Rs ≈ 0)

ψs,α =−Ψs cosω1t

+
∑

n=6k±1

− bn
nω1

Vdc

2
cosnω1t+

an
nω1

Vdc

2
sinnω1t

(10a)

ψs,β =−Ψs sinω1t

+
∑

n=6k−1

bn
nω1

Vdc

2
sinnω1t+

an
nω1

Vdc

2
cosnω1t

+
∑

n=6k+1

− bn
nω1

Vdc

2
sinnω1t−

an
nω1

Vdc

2
cosnω1t .

(10b)

with k ∈ N
+.

The stator current harmonics can be derived with the help

of (3). Therefore, the stator current can be expressed as a

function of the OPP Fourier coefficients an and bn as follows

is,α = I1 sin (ω1t− φ)

+
∑

n=6k±1

− bn
nω1Xσ

Vdc

2
cosnω1t+

an
nω1Xσ

Vdc

2
sinnω1t

(11a)

is,β = −I1 cos (ω1t− φ)

+
∑

n=6k−1

bn
nω1Xσ

Vdc

2
sinnω1t+

an
nω1Xσ

Vdc

2
cosnω1t

+
∑

n=6k+1

− bn
nω1Xσ

Vdc

2
sinnω1t−

an
nω1Xσ

Vdc

2
cosnω1t .

(11b)

By substituting (10) and (11) into (7), the resulting non-zero

torque harmonics are of order n = 6k, k ∈ N
+, and can be

written as

Te,n =
Vdc

2ω1pf

(

((

I1 sinφ− 1

Xσ

)(

bn−1

n− 1
− bn+1

n+ 1

)

−

I1 cosφ

(

an−1

n− 1
+
an+1

n+ 1

))2

+

((

I1 sinφ− 1

Xσ

)(

an−1

n− 1
− an+1

n+ 1

)

+

I1 cosφ

(

bn−1

n− 1
+
bn+1

n+ 1

))2
)

1
2

.

(12)

Note that (12) can be further simplified under QaHWS condi-

tions, as the coefficients an are zero.

B. OPPs That Eliminate/Minimize Torque Harmonics

To prevent mechanical oscillations, the 6th and 12th torque

harmonics must be eliminated. To achieve this, the constraints

Te,6 = 0 and Te,12 = 0 , (13)

are added to problem (6). Due to the QaHWS, only the

amplitude of the current harmonics can be manipulated. As

shown in the appendix, this implies that achieving Te,6k = 0
necessitates the elimination of both i6k−1 and i6k+1. To avoid

numerical issues caused by the hard constraints (13), and

thus guarantee the feasibility of the torque-constrained OPP

optimization problem even at high modulation indices, the

equality constraints (13) are relaxed, and implemented as soft

constraints of the form

Te,6k ≤ ǫk, k ∈ {1, 2} , (14)

where ǫk is a slack variable introduced into the optimization

problem. Thus, with (14), the proposed OPP problem is

formulated as

minimize
αQ, ǫ

J(αQ) =
∑

n=5,7,...

(

bn
n

)2

+ ǫTWǫ

subject to b1 = m
0 ≤ α1 < α2 < . . . < αd ≤ π

2

Te,6k ≤ ǫk ,
ǫk ≥ 0 , k ∈ {1, 2} ,

(15)

where ǫ = [ǫ1 ǫ2]
T

is the vector of slack variables. Note that

the slack variables are heavily penalized through the (diagonal)

weighting matrix W in the objective function to ensure

that violations of the soft constraints are avoided whenever

physically possible.



Eliminating specific low-order current harmonics, however,

occurs at the cost of increasing the other harmonics at higher

frequencies, which in turn increases the current TDD. To mit-

igate this, the symmetry of the OPP should be relaxed to half-

wave symmetry (HWS). By doing so, both the amplitude and

phase of the current harmonics can be manipulated. As a result,

eliminating Te,6k only requires that i6k−1 and i6k+1 have

equal (non-zero) amplitudes and a specific phase difference, as

shown in the appendix. These additional degrees of freedom

enable the elimination of low-order torque harmonics without

significantly deteriorating ITDD, as demonstrated in Section IV.

Moreover, the same section shows that the relaxation of the

symmetry increases the range of modulation indices over

which the torque harmonics can be fully eliminated. Nonethe-

less, also in this case, soft constraints are preferred over hard

constraints to avoid any feasibility issues.

Given the above, the proposed optimization problem for

torque-constrained HWS OPPs is

minimize
αH , ǫ

J(αH) =
∑

n=5,7,11,...

a2
n+b2n
n2 + ǫTWǫ

subject to a1 = 0 ,
b1 = m
0 ≤ α1 < α2 < . . . < α2d ≤ π
Te,6k ≤ ǫk ,
ǫk ≥ 0 , k ∈ {1, 2} ,

(16)

where αH = [α1 α2 . . . α2d]
T

is the vector of the to-be-

computed 2d switching angles due to the imposed HWS. Note

that, as in problem (6), only odd non-triplen harmonics are

considered since even harmonics remain zero due to the HWS.

Moreover, a1 = 0 such that the phase of the fundamental

component is zero. Note that the Fourier coefficients of the

HWS switching pattern are

an = − 2

nπ

2d
∑

i=1

∆ui sin(nαi) , n = 1, 3, 5, . . .

bn =
2

nπ

2d
∑

i=1

∆ui cos(nαi) , n = 1, 3, 5, . . . .

IV. NUMERICAL RESULTS

This section shows the optimization results for (a) conven-

tional QaHWS OPPs (see problem (6)), (b) torque-constrained

QaHWS OPPs (see problem (15)), (c) torque-constrained

HWS OPPs (see problem (16)), and (d) SHE. OPPs in the

“b” category are hereafter referred to as QaHWS–T OPPs,

and those in category “c” as HWS–T OPPs. All OPPs were

computed for an MV drive system consisting of a squirrel

cage IM with 3.45 kV rated voltage, 2.2 kA rated current,

50Hz nominal frequency, 0.255 p.u. total leakage reactance,

and a three-level NPC inverter with a dc-link voltage of

Vdc = 4.84 kV. For demonstration purposes, OPPs with d = 5
are used, while the implemented SHE scheme eliminates

the 5th, 7th, 11th, and 13th current harmonics. All OPPs are

computed assuming φ = 35◦, while operation at nominal

torque is considered. Additionally, for the torque-constrained

OPPs, the weighting matrix is set to W = 109I2, with

Modulation index m

I T
D

D
[%

]
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QaHWS–T
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SHE
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Modulation index m
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T
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(b) Torque TDD

Fig. 3: Programmed modulation methods for d = 5 without and with the
torque constraint. The solid (blue) line corresponds to conventional QaHWS
OPPs, the dashed (red) line to QaHWS–T OPPs, the dash-dotted (green) line
to HWS–T OPPs, and the dotted (magenta) line to SHE.

I2 denoting the two-dimensional identity matrix. Finally, to

ensure full magnetization of the machine, the modulation index

is kept proportional to the fundamental frequency, with the

nominal modulation index being mN = 1.16 at rated speed.

A. OPPs With Eliminated Low-Order Torque Harmonics

When the nominal modulation index is mN = 1.16, it

is physically possible for both QaHWS–T OPPs and SHE

to successfully eliminate the nth-order torque harmonic, with

n = 6, 12, across the whole modulation range of interest, by

zeroing the corresponding n− 1 and n+ 1 current harmonics.

This, however, leads to a significantly increased current and

torque TDD compared to the conventional QaHWS OPPs, see

Fig. 3. Moreover, at most modulation indices, SHE results

in current distortions higher than or equal to those of the

QaHWS–T OPPs, see Fig. 3(a), since it does not explicitly

minimize the current distortion. Nevertheless, as observed in

Fig. 4(c), both QaHWS–T OPPs and SHE produce the same

current and torque harmonics at the nominal modulation index,

leading to identical harmonic spectra.

When the symmetry properties of the OPPs are relaxed, the

n− 1 and n+ 1 current harmonics only need to have equal

(non-zero) amplitudes to eliminate the nth torque harmonic,

as illustrated in Fig. 4(e). This enables the elimination of the

low-order torque harmonics without significantly affecting the

current TDD, see Fig. 3(a). At the nominal modulation index

(Fig. 4), the increased ITDD of QaHWS–T OPPs is notably
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(a) QaHWS OPPs for d = 5, ITDD = 2.60%
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(b) QaHWS OPPs for d = 5, TTDD = 2.21%
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(c) QaHWS–T OPPs and SHE for d = 5, ITDD = 3.63%
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(d) QaHWS–T OPPs and SHE for d = 5, TTDD = 3.11%
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(e) HWS–T OPPs for d = 5, ITDD = 2.74%
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(f) HWS–T OPPs for d = 5, TTDD = 2.42%

Fig. 4: Current and torque harmonic spectra at modulation index m = 1.16.

mitigated by the proposed HWS–T OPPs. Additionally, as a

positive byproduct, the torque TDD with HWS–T OPPs re-

mains close to that of conventional QaHWS OPPs, despite this

not being an explicit design objective. As seen from Fig. 3(b),

there are modulation indices where the proposed HWS–T

OPPs not only eliminate the low-order torque harmonics but

also improve the torque TDD while keeping the current TDD

close to that of conventional QaHWS OPPs.

To visualize this favorable performance, modulation index

m = 0.72 is considered as an example in Fig. 5. As seen

in Fig. 5(c), the low-order current harmonics are zero when

QaHWS–T OPPs are used. As a result, the harmonic content

shifts to higher frequencies compared to Fig. 5(a), resulting in

increased TDD for both the current and torque. In contrast, the

proposed HWS–T OPPs successfully eliminate the 6th and 12th

torque harmonics while reducing the torque TDD compared

to the conventional QaHWS OPPs, see Figs. 5(f) and 5(b).

Finally, at this modulation index, SHE performs worse than

OPPs both in terms of current and torque distortions.

B. Machine with Higher Rated Voltage

As a special case, we consider an IM with 3.55 kV rated

voltage. The total leakage reactance is adjusted to have the

same p.u. value used previously. In this scenario, the nominal

modulation index becomes mN = 1.2. This section compares

the performance of QaHWS OPPs, QaHWS–T OPPs, HWS–T

OPPs, and SHE in terms of current and torque harmonics.

As seen in Fig. 6, SHE finds solutions only up to modulation

index m = 1.17, which is also the maximum modulation

index for which QaHWS–T OPPs can eliminate the 6th and

12th torque harmonics. For higher modulation indices, these

harmonics are non-zero with QaHWS–T OPPs. Yet, due to

the torque constraints, QaHWS–T OPPs limit the amplitude

of the 6th torque harmonic compared to conventional QaHWS

OPPs, see Fig. 6(c). This, however, comes at the expense of

a slightly increased 12th torque harmonic, see Fig. 6(d).

When the OPP symmetry is relaxed, the low-order torque

harmonics can be eliminated without forcing the low-order

odd non-triplen current harmonics to zero. As a result, OPPs

with zero 6th and 12th torque harmonic can be computed up to

modulation index m = 1.19. More impressively, this desired

feature is achieved without significantly compromising the

output current quality, see Fig. 6(a). For modulation indices

m > 1.19, some low-order torque harmonics appear, but

their amplitudes are below 0.01 p.u. and notably lower than

those with QaHWS–T OPPs. These reduced torque harmonics,

however, come at the cost of increased ITDD compared to

QaHWS–T OPPs. Nonetheless, at the nominal modulation,

the torque TDD of HWS–T OPPs is lower than that of

conventional QaHWS OPPs, see Figs. 7(b) and 7(f). Finally, it

should be pointed out that due to the soft constraints, the nth
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(a) QaHWS OPPs for d = 5, ITDD = 5.35%
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(b) QaHWS OPPs for d = 5, TTDD = 6.01%
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(c) QaHWS–T OPPs for d = 5, ITDD = 6.35%
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(d) QaHWS–T OPPs for d = 5, TTDD = 6.53%
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(e) HWS–T OPPs for d = 5, ITDD = 5.86%
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(f) HWS–T OPPs for d = 5, TTDD = 5.26%
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(g) SHE for d = 5, ITDD = 7.18%
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(h) SHE for d = 5, TTDD = 8.86%

Fig. 5: Current and torque harmonic spectra at modulation index m = 0.72.

(n ∈ {6, 12}) torque harmonic of torque-constrained OPPs is

non-zero at the nominal modulation index because the n − 1
and n + 1 current harmonics are not equal, see Figs. 7(c)

and 7(e).

V. CONCLUSIONS

This paper presented the computation of torque-constrained

OPPs, where the—harmful to the machine—low-order torque

harmonics are eliminated over the widest physically possible

range of modulation indices by directly accounting for them

in the OPP optimization problem. At high modulation indices,

where complete elimination is not feasible, these harmonics

are minimized as much as possible. Moreover, as demonstrated

by the presented numerical results, relaxing artificial symmetry

restrictions in the OPPs enables this desirable behavior without

significantly compromising the current and torque TDD over a

wider range of operating points, thereby preventing an increase

in the machine losses.

APPENDIX

Assuming QaHWS, (12) is simplified to

Te,n =
Vdc

2ω1pf

(

((

I1 sinφ− 1

Xσ

)(

bn−1

n− 1
− bn+1

n+ 1

))2

+

(

I1 cosφ

(

bn−1

n− 1
+
bn+1

n+ 1

))2
)

1
2

.

(17)

Therefore, to eliminate the nth torque harmonic, the following

conditions should hold






(

I1 sinφ− 1

Xσ

)(

bn−1

n−1
− bn+1

n+1

)

= 0 and

I1 cosφ
(

bn−1

n−1
+ bn+1

n+1

)

= 0
(18)



Modulation index m

I T
D

D
[%

]
QaHWS
QaHWS–T

HWS–T
SHE

0.6 0.7 0.8 0.9 1 1.1 1.2
0

2

4

6

8

10

12

(a) Current TDD
Modulation index m

T
T

D
D

[%
]

QaHWS
QaHWS–T

HWS–T
SHE

0.6 0.7 0.8 0.9 1 1.1 1.2
0

2

4

6

8

10

12

14

(b) Torque TDD

Modulation index m

T
e
,6

[p
.u

.]

QaHWS
QaHWS–T

HWS–T
SHE

0.6 0.7 0.8 0.9 1 1.1 1.2
0

0.01

0.02

0.03

0.04

0.05

(c) 6th harmonic
Modulation index m

T
e
,1
2

[p
.u

.]

QaHWS
QaHWS–T

HWS–T
SHE

0.6 0.7 0.8 0.9 1 1.1 1.2
0

0.01

0.02

0.03

0.04

0.05

(d) 12th harmonic

Fig. 6: Programmed modulation methods for d = 5 without and with the torque constraint. The solid (blue) line corresponds to conventional QaHWS OPPs,
the dashed (red) line to QaHWS–T OPPs, the dash-dotted (green) line to HWS–T OPPs, and the dotted (magenta) line to SHE.
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Fig. 7: Current and torque harmonic spectra at modulation index m = 1.2.



These conditions result in

bn−1

n− 1
=

bn+1

n+ 1
= 0 , (19)

which implies that

in−1 = in+1 = 0 .

Assuming HWS, to achieve Te,n = 0, the following should

hold






(

I1 sinφ− 1

Xσ

)(

bn−1

n−1
− bn+1

n+1

)

− I1 cosφ
(

an−1

n−1
+ an+1

n+1

)

=0
(

I1 sinφ− 1

Xσ

)(

an−1

n−1
− an+1

n+1

)

+ I1 cosφ
(

bn−1

n−1
+ bn+1

n+1

)

=0

(20)

Expression (20) corresponds to a system of two equations with

four unknowns. Therefore, an−1 and bn−1 can be expressed

as a function of an+1 and bn+1 according to

an−1

n− 1
=

(

I1 sinφ− 1

Xσ

)2

− (I1 cosφ)
2

(

I1 sinφ− 1

Xσ

)2

+ (I1 cosφ)
2

an+1

n+ 1
+

−2
(

I1 sinφ− 1

Xσ

)

(I1 cosφ)
(

I1 sinφ− 1

Xσ

)2

+ (I1 cosφ)
2

bn+1

n+ 1

(21a)

bn−1

n− 1
=

2
(

I1 sinφ− 1

Xσ

)

(I1 cosφ)
(

I1 sinφ− 1

Xσ

)2

+ (I1 cosφ)
2

an+1

n+ 1
+

(

I1 sinφ− 1

Xσ

)2

− (I1 cosφ)
2

(

I1 sinφ− 1

Xσ

)2

+ (I1 cosφ)
2

bn+1

n+ 1
.

(21b)

Based on the above, the following relationships should hold

(

an−1

n− 1

)2

+

(

bn−1

n− 1

)2

=

(

an+1

n+ 1

)2

+

(

bn+1

n+ 1

)2

(22a)

atan
an−1

bn−1

− atan
an+1

bn+1

=atan
2
(

1

Xσ
−I1 sinφ

)

(I1 cosφ)
(

I1 sinφ− 1

Xσ

)2

−(I1 cosφ)
2

.

(22b)

Condition (22a) implies that

în−1 = în+1 ,

while condition (22b) implies that

∠in+1 − ∠in−1 = atan
2
(

1

Xσ
−I1 sinφ

)

(I1 cosφ)
(

I1 sinφ− 1

Xσ

)2

−(I1 cosφ)
2

.
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