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Abstract—In this paper we present a direct model predictive
control (MPC) scheme, which combines control and modulation
in one computational stage. The MPC problem is formulated
as a current control problem. By utilizing a fixed modulation
cycle akin to pulse width modulation (PWM) that allows for one
switching transition per phase and half-cycle a constant switching
frequency and a discrete current harmonic spectrum result. Thus,
the issues that relate to the variable switching frequency and
current interharmonics of direct MPC schemes are resolved. To
verify the effectiveness of the proposed method a variable speed
drive system, which consists of a two-level voltage source inverter
and a medium-voltage induction machine, serves as a case study.

I. INTRODUCTION

The most utilized model predictive control (MPC) [1]
strategy in power electronics is the so-called finite control
set MPC (FCS-MPC) [2]. The output reference tracking and
the modulation problem are formulated in one computational
stage, i.e., akin to a direct control strategy [3]. The absence of
the modulator, however, although it allows for fast transient
responses, it comes with the pitfall of variable switching
frequency and spread harmonic spectra [4]. Consequently, on
the machine side of a variable speed drive, such harmonic
current distortions can give rise to iron and copper losses
and thus to thermal losses. When the grid-side converter is
of concern, the relevant grid codes cannot be adhered to,
rendering the implementation of such algorithms less effective.

Given the above, some attempts have been done to fix the
issues related to the aforementioned problems of direct MPC.
For example, some of them employ dead beat concepts to
generate the reference signal that is fed into a modulator [5],
[6]. By doing so, the behavior of the system is similar to
that achieved with the modulator-based schemes. Therefore,
on the one hand the aforementioned issues are fixed, but the
transient response times get longer because of the modulator.
Other techniques that have been proposed aim to include a
“modulator” to the control scheme, with an eventual goal to
reduce the ripples of the variables of interest, depending on
the examined case study (e.g., output current, electromagnetic
torque, flux, etc.), see, e.g., [7]-[11]. Such schemes allow
for the converter switches to change state not only at the
discrete time instants, but also at any instant within the
sampling interval. Consequently, the switch positions that can
potentially lead to high ripples are applied for less time than
with conventional direct MPC schemes, resulting in an overall

improved system performance. These techniques, however, can
be either prone to suboptimality [7], [9]-[11] with spread
harmonic spectra, or they fail to achieve constant switching
frequency which affects the spectra in the expected way [8].

Further attempts to ensure a constant switching frequency
in direct MPC schemes consider pre-computed switching
sequences [12]-[14]. By utilizing such sequences the opti-
mization problem reduces to the computation of the switching
instants of the switching sequence. However, [12], [13] are
limited to problems that are unconstrained with respect to time,
implying that symmetry is not enforced in the implemented
switching sequences, resulting in non-discrete harmonic spec-
tra. Regarding [14], the algorithm is limited to simple, single-
output systems, such as dc-dc converters.

To meet the control tasks of a fixed switching frequency
and harmonic spectra with pronounced discrete harmonics as
well as to keep the advantages of direct MPC (i.e., good
tracking performance, fast transients), this paper proposes a
direct MPC method that tackles the control problem from a
different perspective. More specifically, the switch positions
over one sampling interval are considered as known; the
possible switching sequences are derived at each time step,
rendering the switching time (i.e., the time instant a new switch
position has to be applied to the plant) as the only optimization
variable. By doing that, the multiobjective optimization prob-
lem is turned into one-objective, which means that there is no
need for operation at the trade-off surfaces of the optimization
variables. This implies that the problem is greatly simplified
since no tuning is required, whereas optimality is guaranteed.

Moreover, by treating time as the sole optimization variable,
the problem can be cast—as shown—as a quadratic program
(QP) which is convex and, thus, easy to be solved. In addition,
by allowing each phase to switch once within each sampling
interval, a fixed switching frequency is guaranteed; this is
determined by the chosen sampling interval. Finally, owing to
the implicit presence of a modulator the dynamic behavior of
the system is not deteriorated. The MPC problem, formulated
as constrained optimization problem, allows for fast transients
without violating the explicit time constraints. Consequently,
operation at the physical limits of the plant is achieved while
ensuring that the switching frequency remains constant.

To highlight the efficacy of the proposed direct MPC
method, a variable speed drive system, consisting of a two-
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Fig. 1: Two-level three-phase voltage source inverter driving an induction
motor (IM).

level voltage source inverter driving a medium-voltage (MV)
induction machine (IM), is chosen as a case study. As it is
shown, the stator current harmonic spectrum is comparable
with that produced by carrier-based pulse width modulation
(CB-PWM), while the very fast responses inherent to direct
MPC are still present.

II. PROBLEM STATEMENT AND ASSUMPTIONS

The problem examined relates to the control of the sta-
tor current of an IM when driven by a two-level voltage
source inverter with a constant dc-link voltage Vg (Fig. 1).
The mathematical model of the examined system and the
formulation of the optimization problem are derived in the
stationary orthogonal af system. Therefore, the operation
€.5 = K&, is performed so as to map any variable in the
abe plane &,,. = [€a & &)7 into a two-dimensional vector
€ap = o ¢5)T in the a3 plane.

A. Control Model

The output potential of each phase of the two-level inverter
can obtain two discrete voltage levels — ‘g“ and V2d°, depending
on the power switches position in the respective phase [15]. To
model the switch position in phase x € {a,b, ¢} the variable
uy € U = {—1,1} is introduced. Based on this, the inverter
output voltage—which is the voltage applied to the machine

terminals v o5—is!
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Regarding the dynamics of the squirrel-cage IM, these can
be fully described based on the stator current %, .5 and the
rotor flux 1), .5 as well as the angular speed of the rotor w;..

Thus, the differential equations of interest are> [16]
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Vo = Ung = 7Ku (1)

(2a)
dy, X . 1 0 -1
dt 7 b T Yr e 1 0 1¢T (20)
dw, 1
dt = E(Te - Tf) ’ (ZC)

"Vectors in the a3 plane are denoted with the corresponding subscript. For
vectors in the abc plane the subscript is omitted.

2For notational convenience the subscript a3 is dropped from 45, 4,. and
vs in (2).

where R (R,) is the stator (rotor) resistance, X;s (X;-) and
X, the stator (rotor) leakage and mutual reactances, respec-
tively, H denotes the moment of inertia, and 7, the mechanical
load torque. Moreover, 7, = X, ®/(R,X?2 + R,.X2) and
7. = X, /R, are the stator and rotor time constants, respec-
tively, while the constant ¢ is defined as ® = X X, — Xﬁl,
with X = X;s + X, and X, = X, + X,,,. Finally, T, is
the electromagnetic torque, and I is the identity matrix of
appropriate dimension (here two-dimensional).

Given (2), the discrete-time state-space model of the drive
used by the to-be-developed MPC algorithm is of the form

(3a)
(3b)

x(k +1) = Az(k) + Bu(k)
y(k) = Cx(k),

where the stator current and the rotor flux in the «of
plane constitute the state vector @ = [isq 58 Ura wrﬁ]T
whereas the stator current is the output variable, i.e.,
Y = 15,03. Finally, the three-phase switch position
w=[ug up u)t EU=UxUXxU=U> forms the input
vector. The matrices A and B are calculated using exact
discretization, i.e., they are of the form A = ef”s and
B=—-F (I - A)G, where F and G are the continuous-
time matrices which can be easily derived based on (2) [3].
I is the identity matrix, e the matrix exponential, 7 the
sampling interval, and k € N.

>

B. Control Problem

The goal of the proposed approach is to minimize the stator
current ripple while keeping the switching frequency of the
inverter constant. To do so, the converter switches are allowed
to change state within the sampling interval T rather than only
at the discrete time steps k, k+1,.... Moreover, to guarantee
equal load distribution among the three phases, all three phases
have to switch once within each 7.

To achieve the aforementioned control objectives, the objec-
tive function could take into account the (squared) rms error
of the stator current, i.e.,

I : : ,
J = T/O (Zs,ref,aﬁ(t)_zs,aﬁ(t))T(Zs,ref,aﬁ(t)_zs,aﬁ(t)) dt

I )
= | Miamtan(d) = ol at,
(4)

where % rer,q5 18 the stator current reference. Owing to the
Parseval theorem, minimizing (4) is equivalent to minimizing
the squared total harmonic distortion (THD) of the current
over the sampling interval.

We introduce the switching instants ¢., z € {1,2,3}. These
switching instants occur consecutively within the sampling
interval, i.e., we impose 0 < t; < to < t3 < Ts. Assume that
the switch position u(t, ) was applied at the end of the last
sampling interval. At the beginning of the current sampling
interval, at ¢, = 0, it therefore holds that w(tg) = u(t; ).
At time instant ¢; the switch position changes from u(tg) to
u(t1). Similar statements can be made for the time instants
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(a) Three-phase switch position

is,ref,a

to = 31 to ts T,

(b) Stator current (a-component)

Fig. 2: Evolution of is, within one Ts by applying the depicted switching
sequence, assuming u(ty ) = u(to) = [1 1 1]7 and the phase sequence
a—c—b.

TABLE I: Possible sequences for the single-phase switch transitions

Phases to switch
First Third

a b c

Second

a
b
b
c
c

(SRS BN TR S BN
2 o e o o

to and t3. We define the vector of switching times ¢ and the
vector of switch positions (the switching sequence) U as

t=[t1 ta t3]"
U = [u” (to) u” (t1) u” (t2) u’ (t3)]" .

(5a)
(5b)

Example 1: Consider the drive system in Fig. 1, and as-
sume that u(ty) = [1 1 1]7 was applied at the end of the
previous sampling interval, as depicted in Fig. 2. In the current
sampling interval, the switch positions u(t;) =[—1 1 1]T,
u(ty) =[-11 =17, and u(tz) = [-1 —1 — 1)1 are ap-
plied to the converter at the time instants t1, to and ts,
respectively. In doing so, the evolution of the stator current
is controlled, as shown in Fig. 2, where it is depicted along
with its reference value.

The switching instants divide the interval [0, Ts) in (4) into
the four subintervals [0,t1), [t1,t2), [t2,t3), and [t4, T5). The
three phases can switch in six different chronological orders,
as summarized in Table I. To better understand this concept,
the following example is provided.

Example 2: For u(ty) = u(ty) = [1 1 1]7 and the phase
sequence a — b — ¢, the sequence of the to-be-applied three-

phase switch positions is:

wt)=[1 1 1|7, tg<t<ty
ulty)=[-1 1 ' t; <t <ty
w(ty) =[-1 -1 1|7ty <t<ts
u(ts) =[-1 -1 —1)7  t3 <t < T,

For the phase sequence a — ¢ — b, which is shown in
Fig. 2(a), the switching sequence becomes

ut)=[1 1 1|7, tg<t<ty
ulty)=[-1 1 't <t<ty
w(ty) =[-1 11Tty <t<ts
w(ts) =[-1 -1 —1)7 3 <t < T,

The same logic applies to the remaining four combinations.

III. CONTROL METHOD

For the proposed control algorithm two assumptions are
made. First, the variable of interest (i.e., stator current) evolves
linearly over one 75, i.e., its gradient remains constant. This
simplification is valid since Ty < T3, with T being the
fundamental period. Second, the reference of the stator current
is constant over the same time interval.

A. Stator Current Gradients

Given the aforementioned assumptions, the evolution of the
stator current within the four subintervals can be described by

its corresponding gradient m = di%f(t) € R? as follows:

1) to <t < t1: At the beginning of the sampling interval
(to = 0) the three-phase switch position applied in
the previous T is applied to the plant, ie., u(ty) =
u(ty ). Consequently, the current evolves with the gra-
dient m(to) :’I:S@B(to)—f'CG’u(to).

2) t1 < t < to: At instant ¢; a new three-phase switch
position w(t1) is applied that allows for one commutation
in one of the three phases, i.e., |[u(t1) — u(to)|l1 =
2. As a result, the current evolves with the gradient
m(t1) = is,48(to) + CGu(t1). Note that the gradient at
time instant ¢; depends on the current at time instant
to (rather than at t1) because of the assumption made
above that the gradients are constant within the sampling
interval.

3) to <t < t3: At instant ¢ the three-phase switch position
u(tz) is applied that allows for one commutation in one
of the remaining two phases, i.e., ||u(t2) — w(t1)||1 = 2
and ||u(t2) — u(to)||1 = 4. The current evolves with the
gradient m(t2) = 45.05(to) + CGu(ts).

4) ts < t < Tg: For the last interval a switch position
u(ts) is implemented that allows for one commutation
in the last phase that has been inactive thus far, i.e.,
[|lu(ts) — u(tz)||1 =2 and ||u(ts) — u(to)||s = 6. The
current evolves with the gradient m(t3) = 5,q3(to) +
CG’U,(tg).



B. Objective function

To make the control problem computationally tractable, we
simplify it in three steps. First, we apply the assumptions
made at the beginning of Section III. This turns the objective
function into a cubic function of the time instants 1, o
and t3. As this problem is nonconvex, another simplification
is required. Rather than capturing the rms deviation of the
controlled quantities from their references, we penalize in the
objective function the sampled squared error. This simplifica-
tion turns the objective function into a quadratic function of
time. Provided that a sufficiently large number of regularly
spaced samples is used within the sampling interval, this
simplification approximates the rms error accurately.

Introducing regularly spaced samples, however, results in
numerous combinations between sub-sampling interval and
switching instant, making this approach impractical. There-
fore, in a third step, we limit ourselves to a few irregularly
spaced samples. In the simplest case, the deviation of the
controlled variables from their references is penalized only
at the time instants ¢1, to, t3 and Ts. This is a fairly coarse
approximation of the rms error, which is nevertheless often
quite effective.

In light of these three simplification steps, the objective
function (4) is written as

J = |lisetap = Gs,a8(t)|[3 + lisetap — G505 (t2)| 13 ©
+ lisetap — Gs,a8(t3)l3 + [Essetas — is,a8(T5)I[3
where % ref,a8 = s ref,a3(to) and

is,a8(t1) = ts,ap(to) + m(to) L1 (7a)

is,a8(t2) = ts,ap(t1) + m(t1) (t2 — t1) (7b)

= 15.a8(to) + moti + m(ty) to

is,a8(l3) = ts,ap(t2) + m(t2) (I3 — t2) (70

= 1s5,08(t0) + Mo t1 +myta +m(ta)ts

t5,08(Ts) = ts,ap(ts) + m(ts) (Ts — t3)

= 15.a8(to) + Mo t1 + my ta + mats + m(ts) T,
(7d)
with  mg = m(tg) —m(ty), my=m(t;) —m(tz) and
mo = m(tz) — m(ts). Thus, function (6) in vector form
becomes
2
is.emap(to) m(ty) O 0 /

g isemap(to)| | Mo m(ty) 0 t;
%serr,a8(t0) myg my;  m(ta) . ’
i/s,en,aﬁ(tO) my my mo \\3/

r M ‘
%)
where isorag(to) = Esrefas — s,08(to), ils.,emaﬁ(tO) =

semap(to) — m(ts)Ts and O is the two-dimensional zero

vector.

Dc-link*

. *
syref,a 8 - Minimization of (-, t)
objective function =
) A w* (t3 )
Calculation of gradient vectors m. u(t(T) 1
and switching sequences U . z
1 N
|| 1s,a )

djr,rxﬁ

Observer
Te

Fig. 3: Direct model predictive current control with fixed switching frequency
for the three-phase two-level inverter with an induction machine.
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Algorithm 1 Direct MPC with fixed switching frequency

Given w(ty ), %s ref,a8(to) and i, 5(t0)

0. Compute the corresponding gradient vectors m, z € {0,1,...,6}.
1. Enumerate the possible U, z € {1,2,...,6}, starting from w(t, ).
2. For each U .: Solve the QP (10). This yields ¢, and J..

3. Solve the trivial optimization problem (11). This yields ¢* and U*.

Return ¢* and U™.

C. Control Algorithm

In a pre-processing step, the possible stator current gradients
that depend on the measured current ¢, o5(to) and the possible
switch positions u of the power converter are computed. In
the case of a two-level converter, seven switch positions u
yield different voltage vectors in the oS plane, which result

in the seven unique gradients m ., with z € {0,1,...,6}. To
compute these gradients, we use the expression
m; = ":s,aﬁ(tO) + CGuz,a,B ) (9)

where u, p refers to the seven different switch positions in
the a5 plane.

In a first step, depending on the previously applied switch
position w(t, ), the control algorithm enumerates the corre-
sponding six switching sequences U ., z € {1,2,...,6}, see
Table 1.

In a second step, the first switching sequence U is con-
sidered and an optimization problem can be solved. With the
simplified objective function (8), this optimization problem
takes the form

minimize ||r — Mt||3
teR3

(10)
subject to 0 <ty <tg <tz <Ts.

Problem (10) is a convex QP, which can be easily solved. Its
solution (the so-called optimizer) is the vector of switching
instants t; for the switching sequence U;. The same problem
is solved for the remaining five switching sequences. This
leads to the six triplets of switching instants ¢, switching
sequences U, and values of the objective function J,, with
z€{1,2,...,6}.



In a third and last step, the triplet is chosen with the minimal
value of the objective function. Specifically, the trivial problem

(11)

is solved to determine the optimal triplet of switching instants
t* = [t7 t3 t5]7, switching sequence U™ = [u*T (to) u* (1)
u*T(t2) w*T(t3)]T and value of the objective function .J*.
The resulting optimal switching sequence is applied with
the appropriate switching times to the converter. The block
diagram of the proposed direct MPC scheme is shown in
Fig. 3. The pseudocode of the control method is summarized
as Algorithm 1.

minimize J,
z

IV. PERFORMANCE EVALUATION

The presented simulation results were obtained based on
an MV drive (Fig. 1) consisting of a squirrel cage IM with
3.3kV rated voltage, 356 A rated current, 2 MVA rated power,
50 Hz nominal frequency, 0.25 p.u. total leakage inductance,
and a two-level voltage source inverter with the constant dc-
link voltage Vi, = 5.2kV. The sampling interval was set
to Ts = 476.2 us so that a (constant) switching frequency of
1,050 Hz results. All results are shown in the p.u. system.

The steady-state performance of the drive is shown in
Fig. 4. As can be seen in Fig. 4(a), the three-phase stator
current waveforms—illustrated over one fundamental period—
accurately track their references. The resulting current spec-
trum is shown in Fig. 4(b). Current harmonics are located only
at odd and non-triplen integer multiples of the fundamental
frequency. The THD, which quantifies the current tracking
performance of the controller and the in-built modulation,
is 7.17%. Fig. 4(c) shows the three-phase switch positions.
For comparison purposes, a linear controller with CB-PWM
and third harmonic injection was implemented. The results
shown in Fig. 5 are similar to those of the direct MPC
scheme. The current THD is with 7.34% slightly worse than
that of direct MPC. The current harmonics are located at the
same odd and non-triplen integer multiples of the fundamental
frequency. However, the magnitudes of the low-order current
harmonics differ. For direct MPC, the 5™ and 7 harmonics are
pronounced. Methods on how to reduce these low-frequency
harmonics are presently under study.

Figs. 6 and 7 compare the performance of the two schemes
during transients. While operating at nominal speed, reference
torque steps of magnitude 1p.u. are imposed. The torque
reference is translated into a corresponding stator current
reference according to the principle of field-oriented control.
For the proposed direct MPC, the stator currents in Fig. 6(a)
accurately track their new references. The semiconductor
switches are operated such that the available dc-link voltage
is fully utilized, see Fig. 6(c). Therefore, the settling time is
limited only by the available dc-link voltage. We conclude
that the proposed controller inherits the favorable dynamic
behavior that characterizes direct MPC schemes by removing
the torque error as quickly as possible. To do so, the drive
system is operated at its physical limit. As is to be expected,
the dynamic performance of the modulator-based scheme with

proportional-integral (PI) current controllers is slightly slower,
as shown in Fig. 7.

V. CONCLUSIONS

In this paper we proposed a direct MPC method that
achieves a fixed switching frequency and minimizes the stator
current error. To this end, the gradient of the stator current
is taken into account to compute the so-called switching
times within the sampling interval. Moreover, by allowing
for one switching transition per phase within each sampling
interval, the symmetries in the switching patterns observed in
modulator-based schemes appear. As a result, interharmonics
are eliminated and discrete harmonics at integer multiples
of the fundamental frequency are pronounced. As shown,
when a drive system consisting of a two-level inverter and
an induction machine is taken into account, the proposed
direct MPC exhibits a similar steady-state behavior as a linear
controller with CB-PWM, whereas it has a better dynamic
behavior which approaches that of a deadbeat controller.

It is important to highlight that the main benefit of the
proposed method is the fixed modulation interval combined
with the high controller bandwidth. The latter is up to three
times higher than that of indirect control methods, such as
standard field-oriented control with CB-PWM. This character-
istic is expected to make a difference when considering more
complicated systems, such as converters with LC' filters. Such
research is ongoing and the promising results will be published
soon. Moreover, future work relates to the elimination of the
low frequency harmonics, as observed in Fig. 4(b). Refine-
ments, including longer prediction horizons, more intermediate
samples to better approximate the rms error, etc., will be
examined and evaluated.
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