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Abstract—The direct model predictive control (MPC) problem
for linear systems with integer inputs, such as many power
electronic systems, can be formulated as an integer least-squares
(ILS) optimization problem. However, solving this problem when
state and/or output constraints are explicitly included is chal-
lenging. In this paper, a method that allows to effectively use
the sphere decoder—even in the presence of the aforementioned
constraints—is proposed. This is done by computing a new
hypersphere based on the feasible control input set, as defined
by the imposed state/output constraints. A variable speed drive
system with a three-level voltage source inverter serves as an
illustrative example to demonstrate the performance of the
proposed algorithm.

I. INTRODUCTION

Model predictive control (MPC) [1] is usually implemented
in power electronics as a direct control strategy, i.e., the
switching signals are computed and applied directly to the
converter in one computational stage, hence an additional
modulation stage is not required [2]–[5]. Modeling, however,
the switch positions with integer variables comes at a cost.
The formulated problem is a (mixed) integer program which
is computationally very demanding since its complexity grows
exponentially with the number of the controlled variables
(e.g., the number of switch positions) and the prediction
steps [6]–[8]. This limits the applicability of MPC in power
electronics, especially when considering that not only long
prediction horizons are often required for good closed-loop
performance [9], but also the underlying optimization problem
is predominantly solved with the brute-force approach of
exhaustive enumeration [10]. Despite a few methods that allow
for MPC with long (nontrivial) horizons to be implemented in
a real-time system [11], [12], computational challenges still
exist that need to be addressed.

Recently, a dedicated branch-and-bound algorithm that al-
lows one to solve the underlying optimization problem—
formulated as an integer least-squares (ILS) problem—in a
computationally efficient manner was proposed in [13] and
evaluated in [14]. This strategy, called sphere decoding [15],
[16], has shown promising results when applied to linear
systems with integer inputs [17], [18], i.e., systems governed
by linear differential equations with integer inputs (e.g., on/off
switches), such as power electronics [13], [14], [19], [20].
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Moreover, despite the nature of the optimization problem (it
is NP-hard), it was shown that by (occasionally) allowing for
suboptimal solutions real-time termination guarantees can be
provided without significantly deteriorating the performance
of the system [21]. These improvements, along with a refined
optimization stage to speed it up [22], facilitate the imple-
mentation of long-horizon MPC schemes to meet performance
requirements, especially when higher-order systems are con-
cerned [23].

For the latter systems, though, employing the sphere de-
coder is not straightforward. The highly correlated dynamics
of such systems result in overshoots (e.g., overcurrents and/or
overvoltages) that may damage the hardware, meaning that
bounds on the controlled and/or state variables need to be
imposed in the form of safety constraints. When state and/or
output constraints have to be explicitly taken into consideration
during the formulation of the problem, the controller design
becomes more complicated. The reason is that the design of
the bounded set that includes the candidate solutions to the
constrained ILS problem is nontrivial since it should include
at least one point that does not violate the constraints.

This paper presents a method that translates the output
constraints into input constraints. By doing so, a new feasible
input set is defined and used to compute a new—as small
as possible—hypersphere that includes candidate solutions
that do not violate the introduced constraints. Moreover, it is
guaranteed that the points within the sphere that do violate the
constraints are not considered as candidate solutions, and are
thus effectively discarded. To present the proposed method as
well as its effectiveness in a simple yet meaningful manner, a
first-order system is chosen as a case study. More specifically,
the algorithm is tested on a variable speed drive system
consisting of a three-level neutral point clamped (NPC) voltage
source inverter driving a medium-voltage (MV) induction ma-
chine (IM). As shown, the imposed stator current constraints
are fully respected, thus current excursions that may lead to
overcurrents are avoided. That way damages are prevented and
a trip due to overcurrent conditions in the drive system is
avoided.

II. CONSTRAINED OPTIMAL CONTROL PROBLEM

Consider the current control problem of an IM driven by a
three-level NPC voltage source inverter with a constant dc-link
voltage Vdc and a fixed neutral point potential (Fig. 1).
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Fig. 1: Three-level three-phase neutral point clamped (NPC) voltage source
inverter driving an induction motor (IM) with a fixed neutral point potential.

A. Control Model

In this section, the mathematical model of the examined
case study is derived. To do so, the system variables are trans-
formed from the three-phase system (abc) to the stationary
orthogonal αβ system. Thus, any variable in the abc-plane
ξabc = [ξa ξb ξc]

T is transformed to a variable in the αβ-
plane ξαβ = [ξα ξβ ]

T via the transformation matrix K, i.e.,
ξαβ =Kξabc, with
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2
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The three-level NPC inverter can produce at each phase
the three discrete voltage levels −Vdc

2 , 0, Vdc
2 , depending

on the position of the corresponding phase switches. These
switch positions can be described by the integer variable
ux ∈ U = {−1, 0, 1} with x ∈ {a, b, c}. By introducing
the vector u = [ua ub uc]

T ∈ U = U × U × U = U3 to de-
note the three-phase switch position, then the inverter output
voltage—equal to the voltage applied to the machine terminals
vs,αβ—is given by1

vαβ =
Vdc

2
uαβ =

Vdc

2
Ku . (1)

To accurately describe the dynamics of a squirrel-cage IM
it is convenient to use the stator current is,αβ and the rotor
flux ψr,αβ in the αβ-plane as state variables. The mechanical
speed is assumed to be constant, thus the rotor angular speed
ωr is considered to be a time-varying parameter and not a state
variable. The continuous-time state equations are2 [24]

dis
dt

= − 1

τs
is +

(
1

τr
I − ωr

[
0 −1
1 0

])
Xm

Φ
ψr +

Xr

Φ
vs

(2a)

dψr

dt
=
Xm

τr
is − 1

τr
ψr + ωr

[
0 −1
1 0

]
ψr (2b)

dωr

dt
=

1

H
(Te − T�) , (2c)

1Throughout the paper, the subscript αβ is used to denote vectors in the
αβ-plane. For vectors in the abc-plane the subscript is omitted.

2Since all vectors in (2) are in the αβ-plane we drop the subscripts to
simplify the notation.
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Fig. 2: Model predictive current control with reference tracking for the three-
phase three-level NPC inverter with an induction machine.

where I is the identity matrix of appropriate dimension
(here two-dimensional). Moreover, the stator Rs and rotor
Rr resistances, the stator Xls, rotor Xlr and mutual Xm

reactances, the moment of inertia H , and the mechanical load
torque T� are the model parameters. In (2) the constant Φ
is defined as Φ = XsXr −X2

m, with Xs = Xls +Xm and
Xr = Xlr + Xm, whereas τs = XrΦ/(RsX

2
r + RrX

2
m)

and τr = Xr/Rr denote the stator and rotor time constants,
respectively. Finally, Te is the electromagnetic torque.

Based on (1) and (2), the state-space representation of the
drive system in the continuous-time domain can be written as

dx(t)

dt
= Dx(t) +EKu(t) (3a)

y(t) = Fx(t) (3b)

where the stator current and the rotor flux in the αβ-plane
form the state vector, i.e., x = [isα isβ ψrα ψrβ]

T , the three-
phase switch position u = [ua ub uc]

T constitutes the input
vector, and the stator current is considered as the output of
the system, i.e., y = is,αβ . The matrices D, E, and F are
given in the appendix.

The discretized version of the continuous-time system (3)
is derived by using exact Euler discretization. This takes the
form

x(k + 1) = Ax(k) +BKu(k) (4a)

y(k) = Cx(k) , (4b)

whereA = eDTs ,B = −D−1(I −A)E andC = F . More-
over, I here is the 4 × 4 identity matrix, e the matrix
exponential, Ts the sampling interval, and k ∈ N.

B. Constrained Direct Model Predictive Control With Current
Reference Tracking

The block diagram of the presented MPC strategy is shown
in Fig. 2. As can be deduced, the main control objective
of the discussed control algorithm is to eliminate the stator
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Fig. 3: Bounds on the stator current in the αβ-plane.

current error by directly manipulating the inverter switches,
i.e., without the use of a modulator. Moreover, considering
that for MV drives the switching power losses should be kept
as low as possible, an additional goal is to operate the inverter
at switching frequencies of a few hundred Hertz in order to
indirectly reduce the aforementioned losses.

By defining the current (output) error as the difference
between the (measured) stator current is,αβ and its de-
manded value is,ref,αβ , i.e., is,err,αβ(k) = is,ref,αβ(k) −
is,αβ(k), and the switching (control) effort as the difference
between two consecutive three-phase switch positions, i.e.,
Δu(k) = u(k)− u(k − 1), the objective function

J(k) =
k+N−1∑
�=k

||is,err,αβ(�+ 1|k)||22 + λu||Δu(�|k)||22 (5)

is formulated. Function (5) maps the evolution of the two
above-mentioned terms over the finite prediction horizon of
length N (time-steps) into a scalar. To set the trade-off
between the stator current tracking accuracy and the switching
frequency fsw, the factor λu > 0 is introduced.

Before formulating the optimal control problem, an addi-
tional task needs to be taken into account. More specifically,
the aforementioned control goals have to be met while pro-
tecting the inverter from overcurrents. To achieve this, the
controlled variable(s), i.e., the stator current, should not exceed
specified bounds. This can be expressed in the form of the
inequality

||is,αβ ||2 ≤ is,bnd , (6)

where the positive scalar is,bnd ∈ R
+ defines the boundary

value of the stator current. The current limitation in the αβ-
plane is illustrated in Fig. 3.

To find the (optimal) sequence of control actions
U∗(k) = [u∗T (k) u∗T (k + 1) . . .u∗T (k +N − 1)]T that re-
sults in the best system performance—as quantified by (5)—
while respecting the system constraints—as expressed by the

plant model (4) and the current constraints (6), see Fig. 3—the
following problem is formulated and solved at time-step k

minimize
U(k)∈U

J(k) (7a)

subject to x(�+ 1) = Ax(�) +BKu(�) (7b)

y(�+ 1) = Cx(� + 1) , ∀ � = k, . . . , k +N − 1
(7c)

||y(k + 1)||2 ≤ ybnd . (7d)

In (7), U(k) = [uT (k) uT (k + 1) . . .uT (k +N − 1)]T is
the optimization variable, and U is the feasible set defined
as U = UN ⊂ Z

n, i.e., the N -times Cartesian product of
the set U = U × U × U = U3, with n = 3N . Note that
constraint (7d) corresponds to the current limitation, with
ybnd = is,bnd.

III. EQUIVALENT CONSTRAINED INTEGER

LEAST-SQUARES PROBLEM

As shown in [13], the unconstrained solution Uunc(k) =
[uT

unc(k) . . . uT
unc(k + N − 1)]T of (7) can be easily found

by neglecting, in a first step, constraint (7d), and relaxing
the integer constraint U(k) ∈ U, i.e., allowing U(k) ∈ R

n.
By doing so, problem (7) can be written as the equivalent
constrained ILS problem

minimize
U(k)∈U

||Ū unc(k)−HU(k)||22 ,
subject to ||y(k + 1)||2 ≤ ybnd ,

(8)

where Ū unc(k) = HU unc(k) ∈ R
n, and H ∈ R

n×n is a
nonsingular, upper triangular matrix, known as the lattice
generator matrix, since it generates the n-dimensional discrete
space (lattice) one point of which is the solution to prob-
lem (8).

Problem (8), though, may be ill-conditioned. To have a well-
conditioned one, the basis vectors, i.e., the columns of the
lattice generator matrix, should be (nearly) orthogonal and of
(relatively) small length. For this, the Lenstra-Lenstra-Lovász
(LLL) lattice basis reduction algorithm [25] is employed that
transforms H to the reduced lattice generator matrix

∼
H . As

a result, the ILS problem is written as [19]

minimize
U(k)∈U

|| ∼
Uunc(k) − ∼

H
∼
U(k)||22 ,

subject to ||y(k + 1)||2 ≤ ybnd ,
(9)

where
∼
H= V THM , V ∈ R

n×n is an orthogonal ma-
trix, M ∈ Z

n×n a unimodular matrix (i.e., detM = ±1),∼
Uunc(k) =

∼
H M−1U unc(k) and

∼
U(k) =M−1U(k).

Since problem (9) is an integer optimization problem,
branch-and-bound methods can be employed to solve it faster.
One such an algorithm is the sphere decoding algorithm [15]
that—as shown in [14] and [19]—appears to be computation-
ally very efficient when employed to solve the long-horizon
direct MPC problem. The sphere decoder computes a relatively
tight upper bound from the beginning of the optimization
procedure, and as a result only a few candidate solutions need
to be evaluated in real time. Specifically, the set of candidate



solutions consists of these n-dimensional lattice points that are
included in a hypersphere (n-dimensional sphere) of radius
ρ centered at the unconstrained solution

∼
Uunc(k). To decide

which of these points is the optimal solution, the algorithm
traverses the generated search tree—consisting of branches
that correspond to the elements of the sequence of control
actions U , and of m-dimensional nodes, m = 1, . . . , n—in
a depth-first search manner. The goal is to explore at least
one complete branch of the tree and reach the bottom level
in order to get a candidate solution; at that point, the radius
of the hypersphere is updated (is getting smaller) resulting in
a tighter sphere. To achieve this, the search procedure moves
from the root node and the higher levels of the tree towards the
lower levels and the one-dimensional (leaf) nodes. Every time
a child node is visited branching occurs. On the other hand,
when the leaf nodes or a dead end are reached backtracking
occurs; then the algorithm moves to higher levels to examine
unvisited nodes.

As mentioned before, the initial radius ρ of the sphere
defines the upper bound of the search process. Therefore,
the choice of the initial radius is crucial since the desired
initial hypersphere includes the smallest possible (nonzero)
number of lattice points (i.e., nodes). In [21], the initial radius
is computed as

ρ(k) = min{ρ1(k), ρ2(k)} , (10)

with
ρ1(k) = || ∼

Uunc(k)− ∼
H

∼
Ubab(k)||2 , (11)

and
ρ2(k) = || ∼

Uunc(k)− ∼
H

∼
Ued(k)||2 . (12)

Radius ρ1 in (11) depends on
∼
Ubab(k) =M

−1U bab(k), where
U bab, also referred to as the Babai estimate [26], [27], is the
rounded unconstrained solution to the closest integer vector,
i.e.,

U bab(k) = �H−1Ū unc(k)� = �U unc(k)� , (13)

On the other hand, as can be seen in (12), radius ρ2 is a func-
tion of

∼
Ued(k) =M

−1U ed(k), where U ed is the previously
applied solution U∗(k − 1) shifted by one time step, i.e.,

U ed(k) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

0 I 0 . . . 0

0 0 I
. . .

...
...

. . .
. . . 0

0 . . . . . . 0 I

0 . . . . . . 0 I

⎤
⎥⎥⎥⎥⎥⎥⎥⎦
U∗(k − 1) . (14)

where 0 is the zero matrix of appropriate dimensions.

IV. SOLVING THE CONSTRAINED INTEGER

LEAST-SQUARES PROBLEM

However, in this work the computation of the initial ra-
dius ρ turns out to be more complicated because of the
constraint (7d). The reason is that if the sphere is computed
based on (10), then there is a possibility that the unconstrained

uconstr,αβ(k)

ρconstr

uunc,αβ(k)

C

Fig. 4: Bounds on the control input in the αβ-plane (in this example it is
assumed that the unconstrained solution is infeasible). The feasible points (i.e.,
those enclosed in C, denoted by the lightly shaded circle area) are indicated
with black solid circles. The infeasible points are shown as black circles.

solution and/or all candidate solutions included in the sphere
violate (7d). To avoid this, the computation of the initial radius
needs to be revised. This is done by translating the output
constraint (7d) into an input constraint.

By utilizing (4), the output constraint (7d) can be written
as

||CAx(k) +CBuαβ(k)||2 ≤ ybnd , (15)

with uαβ(k) = Ku(k). Noticing that the diagonal elements
γi, i = 1, 2 of the matrix CB = diag(γ) � 0 ∈ R

2×2 are
equal, (15) takes the form

||CAx(k) + γIuαβ(k)||2 ≤ ybnd ⇔∣∣∣∣
∣∣∣∣CAx(k)γ

+ uαβ(k)

∣∣∣∣
∣∣∣∣
2

≤ ybnd

γ
,

(16)

which is of the form

||uconstr,αβ(k) + uαβ(k)||2 ≤ ρconstr , (17)

i.e., a circle C centered at

uconstr,αβ(k) = −CAx(k)
γ

(18)

and with the (constant) radius

ρconstr =
ybnd

γ
. (19)

Hence, in order to meet the output constraint (7d), the control
input (in the αβ-plane) should lie within the circle C. The
input constraint in the αβ-plane is shown in Fig. 4.

Based on the above, the feasible set of the integer-valued
input vector U is defined as Uconstr = U constr1×Uconstr2× . . .×
U constrN , with Uconstri = U for i ∈ {2, . . . , N} and

U constr1 = {u(k) |Ku(k) ∈ C,u(k) ∈ U} .
Having defined the input feasible set, the initial radius ρ

of the hypersphere needs revision. While on the one hand the
radius should meet the same objective as in the unconstrained
ILS-problem case, i.e., to be as small as possible, an additional



goal is that the new hypersphere should include at least one
feasible point. To satisfy both criteria, the new radius is
computed by writing (10) as

ρ(k) = min{ρ̂1(k), ρ̂2(k)} . (20)

In (20), ρ̂1 is defined as

ρ̂1(k) = || ∼
Uunc(k)− ∼

H
∼
Urnd(k)||2 , (21)

where
∼
Urnd(k) =M

−1U rnd(k), with the initial guess
U rnd(k) = [uT

rnd(k) . . . u
T
rnd(k +N − 1)]T given by

U rnd(k) =

⎡
⎢⎢⎢⎢⎢⎢⎣

ufeas(k)

03

03

...

03

⎤
⎥⎥⎥⎥⎥⎥⎦
+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0
. . . 0

I 0 0
. . .

...

0 I 0
. . .

...
...

. . .
. . .

...

0 . . . . . . I 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
U bab(k) ,

(22)
where 03 is the three-dimensional zero vector. Hence, the intial
guess U rnd(k) is equal to the Babai estimate from time-step
k + 1 up to k + N − 1, whereas the estimate at time-step k
results by guessing the αβ-plane feasible candidate solution
ufeas,αβ(k) =Kufeas(k), with ufeas(k) ∈ U constr1 , closest to
the unconstrained solution uunc,αβ(k) =Kuunc(k). For that,
the following procedure is adopted.

Step 1: The vector

g(k) = uconstr,αβ(k)− uunc,αβ(k)

that spans the line passing through the unconstrained solution
uunc,αβ(k) and the center of C is computed.

Step 2: The intersection points, uint,αβ1 and uint,αβ2 , of the
aforementioned line and C are calculated. The one closer to
the unconstrained solution is given by

u∗
int,αβ(k) = argmin ||uint,αβi(k)− uunc,αβ(k)||2 , i = 1, 2 .

Step 3: The feasible input in the αβ-plane closer to the in-
tersection point u∗

int,αβ(k) is found. This is done by examining
the sign of the elements of g, i.e., the direction of the gradient
in each dimension of the space. Then, the appropriately scaled
u∗

int,αβ(k) is rounded to either the smallest following or
the largest previous feasible integer value, depending on the
direction of the gradient, i.e.,

ufeasi(k) =

{

uinti(k)� if gi ≥ 0

�uinti(k)� if gi < 0
, (23)

for i = 1, 2. This step is visualized in Fig. 5.
Step 4: The rescaled αβ-plane candidate solution

ufeas,αβ(k) is mapped onto the—always feasible—three-phase
switch position which is the initial guess at time-step k,
ufeas(k).

Regarding radius ρ̂2(k) in (20), it depends on the educated
guess U ed as defined in Section III. However, this radius is
finite only when U ed is feasible, i.e.,

ρ̂2(k) =

{
ρ2(k) if U ed ∈ Uconstr

∞ if U ed /∈ Uconstr
. (24)

ρ(k)

uconstr,αβ(k)

g(k)

ufeas,αβ(k)
ρconstr

uunc,αβ(k)

u∗
int,αβ(k)

C

Fig. 5: Choice of the initial feasible guess in the αβ-plane. The gradient, as
depicted by the (scaled-down) vector g(k), is positive in both dimensions.
Consequently, the intersection point u∗

int,αβ(k) (indicated as solid circle)
closer to the unconstrained solution uunc,αβ(k) (shown as solid circle) is
rounded up in both dimensions. Based on the feasible candidate solution
ufeas,αβ(k) (shown as solid circle) the radius ρ (dash-dotted line) of the
hypersphere (shown as a circle) is determined. The infeasible points enclosed
in the hypersphere are indicated with light gray circles, whereas the black
circles are infeasible points that are not of concern. Finally, the feasible points
that are not evaluated by the sphere decoder are shown with black solid circles.

After computing the feasible input set and the initial radius,
the sphere decoder is called. The algorithm is the same
as the one presented in [19], with the difference that for
an n-dimensional point enclosed in the hypersphere to be
considered as a candidate solution should be in the feasible
input set Uconstr, see Algorithm 1. This implies that there might
be points within the hypersphere that are infeasible, as shown
in Fig. 5, and thus they should be discarded. This also becomes
clear in Section V where an illustrative example is presented.

For the pseudocode of the Algorithm 1 the initial val-
ues of the arguments are

∼
U ← [ ], i.e., the empty vector,

∼
Uunc ← ∼

H M−1U unc(k), ρ← ρ(k)—see (20), d← 0, and
j ← n.

V. PERFORMANCE EVALUATION

To obtain the simulation results presented in this section, an
MV drive (Fig. 1) consisting of a squirrel cage IM with 3.3 kV
rated voltage, 356A rated current, 2MVA rated power, 50Hz
nominal frequency, 0.25 p.u. total leakage inductance, and
a three-level NPC inverter with the constant dc-link voltage
Vdc = 5.2 kV and a fixed neutral point N is considered.
For all cases examined, the controller was operated with the
sampling interval Ts = 25μs. All results are presented in the
p.u. system.

To provide meaningful insight into the operation of the
algorithm, an illustrative example of one problem instance
is presented here. The output (current) reference value is
||yref||2 ≡ ||is,ref,αβ ||2 = 1, and the respective bound is set
to ybnd ≡ is,bnd = 1.07. Moreover, to simplify the exposition,
the one-step horizon (N = 1) case is examined. Finally, the
weighting factor λu is set equal to 4.8·10−3 so that a switching



Algorithm 1 Sphere Decoder

1: function
∼
U∗ = CONSTRSPHDEC(

∼
U,

∼
Uunc, ρ2, d2, j)

2: for each ũ ∈ U do
3:

∼
Uj ← ũ

4: d′2 ← || ∼Uuncj−
∼
H(j,j:n)

∼
Uj:n||22 + d2

5: if d′2 ≤ ρ2 then
6: if j > 1 then
7: SPHDEC(

∼
U, d′2, j − 1, ρ2,

∼
Uunc)

8: else
9: if

∼
U ∈ Uconstr then

10:
∼
U∗ ← ∼

U
11: ρ2 ← d′2

12: else
13: SPHDEC(

∼
U, d′2, j − 1, ρ2,

∼
Uunc)

14: end if
15: end if
16: end if
17: end for
18: end function

frequency of about 150Hz results in the case without the
output constraint.

In Fig. 6(a) the case without the output constraint is shown
in the αβ-plane. The transformed points are shown as black
solid circles; these are the points that correspond to the
input set U after applying the abc to αβ transformation,
see Section II. For example, the point closer to the top-
left corner corresponds to the three-phase switch position
u = [−1 1 − 1]T in the original abc-plane, the point closer to
the bottom-right corner to the switch position u = [1 − 1 1]T ,
and so on.

The unconstrained solution in the αβ-plane has the coordi-
nates

uunc,αβ(k) = [−0.7017 − 0.6780]T .

This corresponds to the solution

uunc(k) = [−0.7017 − 0.2363 0.9380]T

in the original abc-plane, and it is predicted to result in the
stator current

is,αβ(k + 1) = [−1.0645 − 0.1373]T ,

of the Euclidean length

||is,αβ(k + 1)||2 = 1.0734 .

This means that the unconstrained solution is infeasible. By
rounding the unconstrained solution (i.e., by computing the
Babai estimate ubab(k)) the initial radius3 and the resulting
sphere are computed. As can be seen, in this problem instance
the optimal solution u∗(k) is equal to the initial guess since

3In this example the initial radius computed based on the Babai estimate
is equal to the radius computed based on the educated guess ued(k), see ρ2
in (12).
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Fig. 6: Visualization of the sphere decoder in the αβ-plane for the horizon
N = 1 case.

there are no other points in the sphere. It turns out that the
applied solution in the original abc-plane is

u∗(k) = [−1 0 1]T

(notice that the Babai estimate shown in this figure corre-
sponds to that point in the original abc-plane). This solution
would result in the current

is,αβ(k + 1) = [−1.0734 − 0.1343]T ⇒
||is,αβ(k + 1)||2 = 1.0818 ,

thus the constraint would be violated.
If, on the other hand, constraint (7d) is taken into account,

the resulting αβ-plane looks like the one shown in Fig. 6(b).
The unconstrained solution is the same. The feasible input set,
computed according to the procedure described in Section IV,
is (partly) shown as shaded (light gray) area; (an arc of) the



circle C that encloses that area is indicated with the (darker)
gray dashed circle. The coordinates of the center of C are

uconstr,αβ(k) = [35.0985 3.9408]T

and the radius is
ρconstr = 35.9841 .

As can be understood from the line segment (dotted line) that
connects uunc,αβ(k) and uconstr,αβ(k), vector g is elementwise
positive, i.e., g ≥ 02, with 02 being the two-dimensional zero
vector. This indicates that the intersection point

u∗
int,αβ(k) = [−0.5898 − 0.6636]T

of the line segment and circle C should be rounded up in both
dimensions. The feasible point that is closer to u∗

int,αβ(k) has
the coordinates

ufeas,αβ(k) = [−0.3333 − 0.5774]T .

Mapping ufeas,αβ(k) into the abc-plane, the three-phase switch
position that serves as the initial guess is

ufeas(k) = [0 0 1]T .

Based on that point the new radius ρ (see (20) and (21)) and
the resulting sphere are computed. As can be seen, the initial
guess is the optimal solution applied to the inverter; it produces
the current

is,αβ(k + 1) = [−1.0536 − 0.1343]T ⇒
||is,αβ(k + 1)||2 = 1.0621 ,

hence the constraint is met. It is worthwhile to mention that the
computed hypersphere includes more than one point. However,
the other point (indicated with a light gray circle) is infeasible
and is thus not considered as a candidate solution.

In Fig. 7, the resulting stator current in the αβ-plane is
shown over one fundamental period, along with its reference
and bound. As can be seen, when the current constraint is
not taken into account (Fig. 7(a)) the instantaneous current
regularly reaches relatively high values, above the to-be-
considered bound. On the other hand, when the constraint is
included in the optimization problem, it is fully respected and
the stator current always remains within the imposed bound,
see Fig. 7(b).

Finally, the three-phase stator current waveforms produced
by the unconstrained and constrained direct MPC algorithm
are illustrated in Figs. 8(a) and 8(b), respectively. In both
cases the currents accurately track their references, however,
the ripples are higher when the output constraint is not taken
into account. This results in a slightly higher stator current
total harmonic distortion (THD) of 9.98% compared to the
THD of 9.83% the constrained MPC produces. However, it
should be pointed out that in the latter case the semiconductor
switches are operated at a slightly higher frequency of ap-
proximately 192Hz, compared to the switching frequency of
about 150Hz obtained with the unconstrained MPC. This can
be justified by the fact that the MPC scheme with the output
constraint occasionally triggers switching transitions to keep
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(a) Stator current is,αβ without output constraint.
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(b) Stator current is,αβ with output constraint.

Fig. 7: Simulated waveforms of the stator current (solid line) in the αβ-
plane produced by the direct model predictive controller with current reference
tracking at steady-state operation, at full speed and rated torque. The current
reference (||is,ref,αβ ||2 = 1) and bound (is,bnd = 1.07) are shown as dotted
and dashed circles, respectively. A one-step horizon (N = 1) is used, the
sampling interval is Ts = 25μs and the weighting factor is λu = 4.8 · 10−3.

the current within the desired range of values. This implies
that the decisions the MPC algorithm makes when the output
constraint is active would correspond to suboptimal solutions
in the case where the constraint is not considered.

VI. CONCLUSIONS

This paper proposes an algorithm that translates the output
constraints imposed on the variables of interest—in the form
of safety constraints—into input constraints. Based on the
redefined input feasible set, the computation of the hyper-
sphere is refined. The new hypersphere includes at least one
feasible point, thus ensuring that the solution set is always
nonempty. Thanks to the proposed modifications, the sphere
decoder can still perform effectively, while it manages to find
the optimal solution that lies within the input feasible set. As
a result, the imposed constraints are fully respected allowing
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(a) Three-phase stator current is without output constraint. The switching
frequency is approximately 150 Hz and the current THD is 9.98%.
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(b) Three-phase stator current is with output constraint. The switching
frequency is approximately 192 Hz and the current THD is 9.83%.

Fig. 8: Simulated waveforms of the three-phase stator current is (solid
lines) and their references (dash-dotted lines) produced by the direct model
predictive controller with current reference tracking at steady-state operation,
at full speed and rated torque. The simulation parameters are the same as
those in Fig. 7.

the plant to operate at its physical limits without deteriorating
its performance.

APPENDIX

The matrices D, E, and F of the continuous-time state-
space model of the drive (3) are

D =

⎡
⎢⎢⎢⎣
− 1

τs
0 Xm

τrΦ
ωr

Xm

Φ

0 − 1
τs
−ωr

Xm

Φ
Xm

τrΦ
Xm

τr
0 − 1

τr
−ωr

0 Xm

τr
ωr − 1

τr

⎤
⎥⎥⎥⎦ ,

E =
Xr

Φ

Vdc

2

⎡
⎢⎢⎢⎣
1 0

0 1

0 0

0 0

⎤
⎥⎥⎥⎦ , F =

[
1 0 0 0

0 1 0 0

]
.
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