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Abstract—In this paper we present a computationally efficient
implementation of the sphere decoder, which is employed to solve
the integer least-squares (ILS) problem underlying direct model
predictive control (MPC) for power electronic applications. The
introduced modifications take advantage of the structure of the
problem and, as a result, the required real-time operations can be
reduced to a minimum. The efficacy of the developed algorithm
is demonstrated with a variable speed drive system with a three-
level voltage source inverter.

I. INTRODUCTION

Model predictive control (MPC) [1] is a control method
emerged in the process industry in the 1970s. MPC solves
a constrained optimization problem in an open-loop fashion,
and adopts the notion of the receding horizon to provide
feedback and robustness. Moreover, MPC is formulated in the
time—rather in the frequency—domain, and this enables it to
address multiple-input multiple-output (MIMO) systems with
complex, nonlinear dynamics.

Over the last decade researchers within the power elec-
tronics community have extensively used MPC to effectively
tackle the modern, advanced control challenges they deal
with [2], [3]. To simplify the controller design, MPC schemes
are frequently implemented as direct controllers, meaning that
the computation and generation of the switching commands
is performed in one computational stage, thus bypassing the
subsequent modulation [4]–[6].

Nonetheless, a disadvantage of this approach is that the
underlying optimization problem is a (mixed) integer problem,
i.e., an NP-hard problem. This means that the computational
complexity increases exponentially with the length of the pre-
diction horizon and the number of the decision variables (i.e.,
the control inputs), and as a result the problem might become
computationally intractable. Moreover, exhaustive enumera-
tion of all candidate solutions which is usually performed to
solve the direct MPC problems in power electronics further ex-
aggerates the computational cost. To avoid the aforementioned
subtleties and pitfalls, it is common practice to implement very
short horizons, with most of cases being equal to one step.
However, this is not the recommended solution, since long
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horizons improve the system performance, especially when
more complex (e.g., higher-order) systems are of concern [7].

To this end, several strategies have been proposed that
allow the real-time implementation of MPC schemes with
long, nontrivial horizons [8]. As an alternative, branch-and-
bound methods [9] have shown to be reasonably effective
when tailored to a specific MPC problem [10]. The sphere
decoder [11], [12] is such an algorithm that achieves a
significant reduction of the computational burden thanks to its
smart bounding principle. Recently, several works highlighted
its effectiveness when adopted in linear systems with integer
inputs [13], [14], such as power electronics [15]–[18].

To facilitate the implementation of the sphere decoder in
a real-time system, such as a field programmable gate array
(FPGA), a further reduction in the number of operations
performed in real time is desirable. This paper proposes
refinements, both in the branching and backtracking proce-
dures of the sphere decoder, that achieve two goals. First,
a tighter upper bound on the number of candidate solutions
is provided. Second, by exploiting the structure of the un-
derlying optimization problem the real-time operations are
significantly reduced. The effectiveness of these modifications
is highlighted with the chosen case study, i.e., a variable speed
drive system, consisting of a three-level neutral point clamped
(NPC) voltage source inverter driving a medium-voltage (MV)
induction machine (IM). As will be shown, the computational
complexity of the optimization problem can be reduced by
more than 55% when long horizons, such as ten steps, are
considered.

II. OPTIMAL CONTROL PROBLEM

For comparison purposes with [17] and [15], in this work
the optimal control problem is formulated as a current control
problem of an IM driven by a three-level NPC voltage source
inverter with a constant dc-link voltage Vdc and a fixed neutral
point potential (Fig. 1).

A. Prediction Model

Before deriving the mathematical model of the plant that
serves as the prediction model, the system variables from the
three-phase system (abc) are transformed to the stationary or-
thogonal αβ system. As a result, any variable in the abc-plane
ξabc = [ξa ξb ξc]

T , can be mapped into a two-dimensional
vector ξαβ = [ξα ξβ ]

T in the αβ-plane via the transformation
matrix K, i.e., ξαβ =Kξabc, with
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Fig. 1: Three-level three-phase neutral point clamped (NPC) voltage source
inverter driving an induction motor (IM) with a fixed neutral point potential.
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To describe the output voltage of the inverter the integer
variable ux ∈ U = {−1, 0, 1} is introduced that models the
switch position in phase x ∈ {a, b, c}. Depending on the
value of ux the inverter can produce three discrete voltage
levels, i.e., −Vdc

2 , 0, Vdc
2 , at the x-phase terminal. Aggre-

gating the three-phase switch positions in the input vector
u = [ua ub uc]

T ∈ U = U × U × U = U3, the inverter output
voltage is given by1

vαβ =
Vdc

2
uαβ =

Vdc

2
Ku . (1)

For modeling the squirrel-cage IM the stator current is,αβ
and the rotor flux ψr,αβ in the αβ-plane are chosen as state
variables, whereas the dynamic of the rotor angular speed
ωr is neglected, since the speed is considered to be a time-
varying parameter. Moreover, the machine input is the stator
voltage vs,αβ , which is given by (1), since it is equal to
the output inverter voltage. Consequently, the continuous-time
state equations are2 [19]
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dωr

dt
=
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H
(Te − T�) (2c)

where Rs (Rr) is the stator (rotor) resistance, and Xls

(Xlr) and Xm the stator (rotor) and mutual reactance. Based
on these model parameters the constants Φ = XsXr −X2

m,
Xs = Xls +Xm and Xr = Xlr + Xm are introduced,
whereas the stator and rotor time constants are defined as
τs = XrΦ/(RsX

2
r + RrX

2
m) and τr = Xr/Rr, respectively.

Moreover, H is the inertia, and T� and Te denote the mechan-
ical load and electromagnetic torque, respectively. Finally, I
is the identity matrix of appropriate dimension (here 2× 2).

1To this end, vectors in the αβ-plane are denoted with the corresponding
subscript. For vectors in the abc-plane the subscript is omitted.

2In (2) all vectors are in the αβ-plane, and the subscripts are dropped
for convenience.
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Fig. 2: Model predictive current control with reference tracking for the three-
phase three-level NPC inverter with an induction machine.

In a next step, the state equations (2) are arranged as a set
of first-order differential equations in order to derive the state-
space model in the continuous-time domain. To do so, the state
vector x = [isα isβ ψrα ψrβ]

T is introduced, encompassing
the stator current and the rotor flux in the αβ-plane; the three-
phase switch position u = [ua ub uc]

T forms the input vector,
and the stator current is the output variable, i.e., y = is,αβ .
Thus, the drive can be described by

dx(t)

dt
= Dx(t) +Eu(t) (3a)

y(t) = Fx(t) (3b)

where the continuous-time matrices D, E, and F are given
in the appendix.

Discretizing (3) using exact Euler discretization, the
discrete-time state-space model of the drive takes the form

x(k + 1) = Ax(k) +Bu(k) (4a)

y(k) = Cx(k) , (4b)

with the matrices A, B and C being A = eDTs ,
B = −D−1(I −A)E and C = F . Moreover, I , as before, is
the identity matrix, e the matrix exponential, Ts the sampling
interval, and k ∈ N.

B. Direct Model Predictive Control With Current Reference
Tracking

The main control objective of the presented control algo-
rithm is for the stator current is,αβ to accurately track its
reference is,ref,αβ by appropriately manipulating the inverter
switches. This is to be achieved at low switching frequencies
for reduced switching power losses, which, in MV drives,
dominate over the conduction losses. To meet the aforemen-
tioned objectives, the controller both computes and directly
applies the switching signals to the inverter in one stage, thus
a subsequent modulation stage is not required, see Fig. 2.



Considering the above-mentioned control objectives two
terms are introduced: the current (i.e., output) tracking error
term is,err,αβ(k) = is,ref,αβ(k) − is,αβ(k) and the switching
(i.e., control) effort term Δu(k) = u(k) − u(k − 1). Then,
the objective function

J(k) =

k+N−1∑
�=k

||is,err,αβ(� + 1|k)||22 + λu||Δu(�|k)||22 , (5)

penalizes at step k the evolution of these two terms over the
finite prediction horizon of length N time steps. Note that the
evolution of the second term is weighted by a factor λu > 0.
This factor sets the trade-off between the two terms in (5),
i.e., the trade-off between the deviation of the current from its
reference and the switching frequency fsw.

Having defined the objective function (5), and based on
the plant model (4), the optimal sequence of control ac-
tions U∗(k) = [u∗T (k) u∗T (k + 1) . . .u∗T (k +N − 1)]T is
acquired by solving the following problem

minimize
U(k)∈U

J(k)

subject to x(�+ 1) = Ax(�) +Bu(�)

y(� + 1) = Cx(�+ 1) , ∀ � = k, . . . , k +N − 1
(6)

where U(k) = [uT (k) uT (k + 1) . . .uT (k +N − 1)]T is the
optimization variable and U = UN ⊂ Z

n, with n = 3N , is the
feasible set defined as the N -times Cartesian product of the
set U .

III. FORMULATING AND SOLVING THE INTEGER

LEAST-SQUARES PROBLEM

As shown in [15], problem (6) can be written as the ILS
problem (the optimization variable U is integer) of the form

minimize
U(k)∈U

||Ū unc(k)−HU(k)||22 . (7)

In (7), Ū unc(k) = HU unc(k) ∈ R
n, with U unc ∈ R

n being
the unconstrained solution to (6), i.e., the solution acquired
after relaxing the feasible set from U to R

n. Moreover, the
nonsingular, upper triangular matrix H ∈ R

n×n is referred to
as the lattice generator matrix and it generates the discrete
space wherein the solution lies.

For an ILS problem to be solved in a time-efficient manner,
the lattice should be as close to orthogonal as possible, and the
length of the basis vectors that generate it (i.e., the Euclidean
norm of the columns of the lattice generator matrix) should
be relatively small. Problem (7) is likely to be ill-conditioned
since the lattice generated by H might not meet these criteria.
Therefore, it is common practice to transform the initial lattice
generator matrix (i.e., H) to a new matrix that will allow
speeding up the optimization stage. By employing the Lenstra-
Lenstra-Lovász (LLL) lattice basis reduction algorithm [20]
a reduced lattice generator matrix

∼
H is computed, and the

equivalent ILS problem becomes [17]

minimize
U(k)∈U

|| ∼
Uunc(k) − ∼

H
∼
U(k)||22 , (8)

with
∼
Uunc(k) =

∼
H Û unc(k), Û unc(k) =M

−1U unc(k),∼
U(k) =M−1U(k) and

∼
H= V THM . Finally, matrix

V ∈ R
n×n is orthogonal and matrix M ∈ {0, 1}n×n

unimodular (i.e., detM = ±1).
To efficiently solve the ILS problem (8) underlying the

long-horizon MPC problem, the branch-and-bound method
called sphere decoding [11] is employed. According to the
principle of this algorithm, the search for the optimal so-
lution is limited to a hypersphere (n-dimensional sphere)
of radius ρ centered at the unconstrained solution

∼
Uunc(k).

Hence, not all candidate solutions (i.e., n-dimensional lattice
points) have to be evaluated, but only those that are included
in the computed hypersphere. As shown in [16] and [17],
the candidate solutions that are eventually evaluated form a
very small subset of all possible solutions, meaning that the
proposed optimizer significantly outperforms the brute-force
approach of the exhaustive enumeration in terms of required
computational resources.

As implied above, the upper bound in the branch-and-bound
mechanism of sphere decoder is defined by the value for
the radius ρ. Therefore, it is very important to compute as
small an initial radius ρ as possible in order to have a tight—
but nonempty—sphere that will include the smallest possible
(nonzero) number of lattice points (i.e., nodes). As proposed
in [21], the initial radius is computed based on an estimated
solution

∼
Uest =M

−1U est, and it is given by

ρ(k) = min{ρa(k), ρb(k)} , (9)

with
ρa(k) = || ∼

Uunc(k)− ∼
H

∼
Ubab(k)||2 , (10)

and
ρb(k) = || ∼

Uunc(k)− ∼
H

∼
Ued(k)||2 . (11)

In (10), the estimated solution is the so-called Babai esti-
mate [22], [23], i.e., U est = U bab, which is the rounded
unconstrained solution to the closest integer vector,

U bab(k) = �H−1Ū unc(k)� = �U unc(k)� . (12)

On the other hand, in (11),U est = U ed, which is the previously
applied solution U∗(k− 1) shifted by one time step and with
a repetition of the last switch position, see (40) in [15].

Having computed the initial radius based on (9), the search
for the optimal solution begins. This is done by traversing
the n levels of the generated search tree—consisting of m-
dimensional nodes, m = 1, . . . , n, and branches that constitute
the candidate elements of the solution—in a depth-first search
manner. The goal is to reach the bottom level of the tree3

(i.e., the leaf nodes) as fast as possible so that to update the
candidate solution; at that point, the radius of the hypersphere
is also updated resulting in a tighter sphere. What should also

3As in [17], in this work the top levels of the search tree—which are
explored first—consist of the higher-dimensional lattice points, whereas the
bottom levels, visited at the later stages of the search procedure, consist of
the lower-dimensional points (with the one-dimensional points being the leaf
nodes).



Algorithm 1 Sphere Decoder

1: function
∼
U∗ = SPHDEC(

∼
U,

∼
Uunc, ρ2, d2, i)

2: for each ũ ∈ U do
3:

∼
Ui ← ũ

4: d′2 ← || ∼Uunci−
∼
H(i,i:n)

∼
Ui:n||22 + d2

5: if d′2 ≤ ρ2 then
6: if i > 1 then
7: SPHDEC(

∼
U, d′2, i− 1, ρ2,

∼
Uunc)

8: else
9:

∼
U∗ ← ∼

U
10: ρ2 ← d′2

11: end if
12: end if
13: end for
14: end function

be mentioned is that since u ∈ U = {−1, 0, 1}, i.e., |U| = 3, it
is implied that for each node visited during the search process,
its two sibling nodes should be also examined in order to get
a “certificate” that the optimal solution has been found. If a
sibling node is inside the sphere, then further branching occurs
and a new node at the next (lower) level of the tree is visited.
Otherwise, backtracking happens and previously unexplored
nodes at higher dimensions are examined.

The pseudocode of the algorithm presented in [17] is
shown in Algorithm 1. The initial values of the arguments
are

∼
U ← [ ], i.e., the empty vector,

∼
Uunc ← ∼

H M−1U unc(k),
ρ← ρ(k)—see (9), d← 0, and i← n.

IV. ALTERNATIVE IMPLEMENTATION OF THE SPHERE

DECODER

Despite the effectiveness of the sphere decoder, as verified
in [16] and [17], its computational complexity can be further
improved. In the sequel, refinements in the implementation of
the algorithm are proposed and the resulting computational
complexity—in terms of the real-time operations, as approxi-
mated by the floating point operations (flops)—is discussed.

A. Computation of the Initial Radius

As shown in Section III, the initial radius is computed based
on the estimated solution

∼
Uest which is equal to either

∼
Ubab,

or
∼
Ued. Therefore, the initial (squared) radius is

ρ2(k) = || ∼
Uunc(k)− ∼

H
∼
Uest(k)||22 , (13)

which can be written, for reasons that will become apparent
later, as

ρ2(k) = || ∼
Uunc(k)− (

∼
Hdiag +

∼
H sut)

∼
Uest(k)||22 , (14)

with the diagonal matrix
∼
Hdiag= diag(h̃11, h̃22, . . . , h̃nn) , (15)

and the strictly upper triangular matrix

∼
Hsut=

{
h̃ij for i < j

0 for i ≥ j . (16)

By introducing the vector ρ = [ρ1 ρ2 . . . ρn]
T , with its

ith element being the “intermediate” radius ρi at level i,
1 ≤ i ≤ n, given by4,5

ρ2i = || ∼
Uunci:n − (

∼
Hdiag(i:n,i:n)

+
∼
H sut(i:n,i:n)

)
∼
Uesti:n ||22

= (ũunci − h̃iiũesti︸ ︷︷ ︸
ydiagi

−
n∑

j=i+1

h̃ij ũestj︸ ︷︷ ︸
ysuti

)2+

|| ∼
Uunci+1:n

−( ∼
Hdiag(i+1:n,i+1:n)

+
∼
H sut(i+1:n,i+1:n)

)
∼
Uesti+1:n

||22︸ ︷︷ ︸
ρ2
i+1

(17)

with ydiag =
∼
Hdiag

∼
Uest and ysut =

∼
Hsut

∼
Uest, the initial radius

of the hypersphere is then equal to the first element of ρ, i.e.,
ρ = ρ1.

B. Search Process

Before continuing with the search process the following
remark is made:

Remark 1: At each level of the search tree at most two
sibling nodes can lie within the sphere. Depending on the
ith element of the unconstrained solution ûunci the sibling
nodes associated to either the pair of branches U1 = {0, 1} or
U2 = {−1, 0} can be inside the ith dimension of the sphere.

Proof : Assume that the set of the basis vectors h̃i that
generate the lattice L(∼

H) = {∑n
i=1 wih̃i | wi ∈ Z} is

orthogonal. Moreover, the unconstrained solution
∼
Uunc(k) is

at the intersection of the space diagonals of the formed
box (n-orthotope) B of side length h̃ii, 1 ≤ i ≤ n, and
volume V (B) = det(

∼
H) =

∏n
i=1 h̃ii. Then—and according

to (9)—the smallest hypersphere S that encloses the maximum
number of n-dimensional lattice points is the circumscribed
hypersphere of the box B, i.e., the sphere that contains B
and touches each of its vertices. The n-dimensional bounding
sphere S encloses all 2n vertices of B and its radius ρS is

ρS =

√√√√ n∑
i=1

(
h̃ii
2

)2

. (18)

Dropping the previous assumption of an orthogonal lattice,
let the basis vectors form an arbitrary n-parallelotope B′ of
volume V (B′) = V (B). Then there exists a hypersphere S′

centered at the (same) unconstrained solution
∼
U unc(k) with

radius ρS′ ≤ ρS that does not contain B′, but still encloses a
nonzero number of its vertices.

To show this, consider a 2-parallelotope (i.e., a parallelo-
gram) spanned by the first two columns of

∼
H . The two space

diagonals are d(2)B′
1
= h̃1 + h̃2 and d(2)B′

2
= h̃1 − h̃2, where the

superscript within the parentheses denotes the dimension of the

4To this end we drop the time-step indication for notational convenience.
5Note that the search/computation direction is from the n-dimensional

lattice points (i.e., the nth element of the integer-valued vector U ), to the
one-dimensional points (i.e., the first element of U ).
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Fig. 3: (a) Sphere decoder in the transformed (two-dimensional) bc-plane as generated by H̃ for the horizon N = 1 case. For visualization purposes phase
a is not shown. The lattice points are shown as black circles, the unconstrained solution as solid circle, the initial radius and sphere as dotted line and
dash-dotted circle, respectively, and the lattice points inside the circle as black solid circles. In this example Û unc = ûunc = [−0.4717 0.2001]T . (b)
Resulting two-dimensional search tree. Level m = 3 corresponds to phase c and level m = 2 to phase b. Phase a (i.e., the bottom level of the tree, m = 1)
is not shown as in Fig. 3(a). The nodes that are evaluated are shown as black solid circles. Those that are examined but do not lie within the sphere are shown
as black circles, whereas nodes that are not visited at all are depicted as gray solid circles. The direction of the search process is shown with arrows. Since
ûuncc ≡ ûunc3 = 0.2001 ≥ 0, then ũ3 ∈ U1 = {0, 1}. Furthermore, ûuncb ≡ ûunc2 = −0.4717 < 0 implies that ũ2 ∈ U2 = {−1, 0}.

space. Assuming, without loss of generality, that ∠(h̃1, h̃2) is
not obtuse, then it holds that

||d(2)B′
2
||22 ≤ ||d(2)B ||22 ≤ ||d(2)B′

1
||22 ⇔

||h̃1||22 + ||h̃2||22 − 2h̃
T

1 h̃2 ≤ h̃211 + h̃222 ≤ ||h̃1||22 + ||h̃2||22+
+ 2h̃

T

1 h̃2 ,

where d
(2)
B is the space diagonal of the two-dimensional

rectangular B of same volume (area). Following the same
reasoning, for an i-parallelotope there exist two space diag-
onals d(i)B′

1
= d

(i−1)
B′ + h̃i and d

(i)
B′

2
= d

(i−1)
B′ − h̃i, with

d
(i−1)
B′ ≤ d(i−1)

B , such that

||d(i)B′
2
||22 ≤ ||d(i)B ||22 ≤ ||d(i)B′

1
||22 ⇔

||d(i−1)
B′ ||22 + ||h̃i||22 − 2h̃

T

i d
(i−1)
B′ ≤

i∑
n=1

h̃2ii ≤ ||d(i−1)
B′ ||22+

+ ||h̃i||22 + 2h̃
T

i d
(i−1)
B′ ,

where, as before, it is assumed that ∠(d(i−1)
B′ , h̃i) ≤ π/2.

Thus, for any n-parallelotope B′ there exists at least one
space diagonal such that d(n)B′ ≤ d

(n)
B . As a result, the

hypersphere S′ of radius ρS′ = ||d(n)B′ ||2/2 is not bigger than
the hypersphere S of the radius (18). This, also, indicates that
ρS (see (18)) is an upper bound of ρ(k) in (9).

As can be understood, sphere S′ includes at most 2n

lattice points, i.e., at most two lattice points per dimension.
This implies that the ith coordinate of the lattice points
enclosed by the hypersphere will be either in U1 = {0, 1} or in
U2 = {−1, 0} depending on where the unconstrained solution
lies. If ûunci ≥ 0 then the ith coordinate of the lattice points is
nonnegative, and if ûunci < 0 it is nonpositive. In any different
case, d(n)B′ > d

(n)
B holds, meaning that a hypersphere of radius

greater than ρS has been computed, which contradicts the
argument above. �

To provide an intuition on the remark, an illustrative exam-
ple of a two-dimensional sphere (i.e., a circle) and the resulting
search tree is shown in Fig. 3.

The search process in [15] and [17] starts from the root

node and moves towards the leaf nodes6. In this alternative
implementation of the sphere decoder the general search
direction remains the same, but with one difference. At the
first call of the optimizer, instead of branching from the root
node, backtracking occurs since the search process starts from
the leaf node ũest1 . In particular, since

∼
Uest is, by definition, a

feasible solution, it is assumed that this branch has already
been fully examined, the bottom level of the search tree
has been reached, thus the unexamined sibling nodes (to
be more specific, one sibling node, according to Remark 1)
of ũest1 have to be visited. This allows one to reduce the
computations performed since the optimization stage starts
with one candidate solution instead of trying to find one from
scratch.

To further reduce the computations by exploiting the struc-
ture of the problem (see (17) as well as Remark 1), apart
from the aforementioned modification in the starting state
of the optimization stage, the search process is divided into
two procedures: (a) the branching, and (b) the backtracking
procedure. In the following each procedure is described.

1) Backtracking Procedure: When backtracking at level i
occurs it means that one of the sibling nodes has already
been examined and its associated branch is considered as a
tentative element of the candidate solution, denoted with ũcndi .
Therefore, depending on the node already explored associated
to ũcndi and the value of the unconstrained solution ûunci , the
branch ũi to be examined can be (see Fig. 3):

• If ûunci ≥ 0 ⇒ ũcndi ∈ U1. Hence, if ũcndi = 0 then
the sibling node to be examined corresponds to ũi = 1,
otherwise, if ũcndi = 1 then the ũi = 0 is evaluated.

• If ûunci < 0 ⇒ ũcndi ∈ U2. Thus, if ũcndi = 0, then the
option ũi = −1 is examined, or if ũcndi = −1 the branch
ũi = 0 is traversed.

Thus, based on the conditions above, the next branch to be
examined is decided. Based on ũi the new “intermediate”

6Note, though, that the search tree in these two works is generated in a
different way. Specifically, in [15] the lower dimensional points are placed at
the higher levels of the tree and the higher dimensional points at the lower
levels, whereas in [17] is the other way around, see also footnote 3.



radius ρi has to be computed and compared with ρ to find
out whether this node lies inside the sphere or not. However,
when at level i, the branches from levels n to i + 1 (i.e., the
elements {ũcndn , ũcndn−1

, . . . , ũcndi+2
, ũcndi+1

}) and the radius
ρi+1 are known. Therefore, according to

ρ2i = (ũunci − h̃iiũi︸ ︷︷ ︸
ydiagi

−
n∑

j=i+1

h̃ij ũcndj︸ ︷︷ ︸
ysuti

)2+

|| ∼
Uunci+1:n−(

∼
Hdiag(i+1:n,i+1:n)

+
∼
H sut(i+1:n,i+1:n)

)
∼
Ucndi+1:n ||22︸ ︷︷ ︸

ρ2
i+1

,

(19)

ysuti is also known, meaning that the only term that has to be
computed is the ydiagi . Note that the above expression is the
same as (17) with the difference that the tentative elements
of the candidate solution are taken into account since, as
the process progresses, they replace those of the estimated
solution. Of course, if ρi ≤ ρ then branching is done (see
next subsection), the ith element of ρ and

∼
Ucnd are updated,

and the process moves to the i−1 level of the tree. Otherwise,
backtracking occurs and the i+ 1 level is visited.

2) Branching Procedure: The principle of the branching
procedure is the same as that in [17], with the difference
that—and in accordance with Remark 1, see also Fig. 3—
only two sibling nodes are examined in the worst case. Again,
the criterion for choosing which pair of nodes is eventually
examined is based on the value of the unconstrained solution
ûunci . Before starting exploring the branches, though, and by
considering that the process moved from level i+1 to level i,
the ith tentative ysuti has to be computed to save computations.
Upon doing so, the branches of the ith level are examined.
Thereby, if

• ûunci ≥ 0 then the nodes associated to the branches
ũi ∈ U1 = {0, 1} are visited. In particular, first the branch
ũi = 0 is traversed and if ρi|ũi=0 ≤ ρ then branching
is done. If ρi|ũi=0 > ρ, then this branch is pruned
and the branch ũi = 1 is followed and tested whether
ρi|ũi=1 ≤ ρ holds. If it does, then ũi = 1 is the
tentative element of the candidate solution and the search
proceeds to the i − 1 level of the tree. If, on the other
hand, ρi|ũi=1 > ρ then both sibling nodes are considered
examined, no branching can be done, thus the process has
reached a dead-end, and backtracking occurs.

• ûunci < 0 then the branches to be considered are
ũi ∈ U2 = {−1, 0}. The same logic is followed as when
ũi ∈ U1, with the first branch traversed being the ũi = 0,
and in case this does not result in a smaller radius then
ũi = −1 is checked.

Finally, it should be mentioned that when branching is done,
the ith element of ysut, ρ and

∼
Ucnd are updated accordingly.

Furthermore, when a leaf node is reached the radius of the
sphere is updated ρ ← ρ1 and a candidate solution has been
found.

Algorithm 2 Alternative Sphere Decoder

1: function
∼
U∗ = SPHDECALT(

∼
Uest,

∼
Uunc, Û unc,ρ, ρ

2,ysut,i)
2:

∼
Ucnd ←∼

Uest, ρtmp ← ρ
3: if solutionFound then
4:

∼
U∗ ← ∼

Ucnd, ρ← ρ1
5: end if
6: for each i ∈ {1, . . . , n} do
7: if backtracking then
8: if ûunci ≥ 0 then
9: ũi ∈ U1 \ ũcndi

10: else
11: ũi ∈ U2 \ ũcndi
12: end if
13: ρ2tmpi

← (ũunci − h̃iiũi − ysuti)
2 + ρ2i+1

14: COMPANDUPD(ρ2tmpi
, ρ2, i)

15: else if branching then
16: ysuti ←

∼
Hsut(i,i+1:n)

∼
Ucnd(i+1:n)

17: if ûunci ≥ 0 then
18: ũi ∈ U1
19: else
20: ũi ∈ U2
21: end if
22: for each ũi do
23: ρ2tmpi

← (ũunci − h̃iiũi − ysuti)
2 + ρ2i+1

24: COMPANDUPD(ρ2tmpi
, ρ2, i)

25: end for
26: end if
27: end for
28: end function
29:

30: function [ũCNDi
, ρ2i , i] = COMPANDUPD(ρ2tmpi

, ρ2, i)
31: if ρ2tmpi

≤ ρ2 then
32: ũcndi ← ũi, ρ2i ← ρ2tmpi

33: if i = 1 then
34: backtracking && solutionFound ← true
35: i← i+ 1
36: else
37: branching ← true
38: i← i− 1
39: end if
40: else
41: backtracking ← true
42: i← i+ 1
43: end if
44: end function

The pseudocode of the alternative implementation
of the sphere decoder is presented in Algorithm 2.
The initial values of the arguments are

∼
Uest ← ∼

Ubab(k)

or
∼
Ued(k) depending on (9),

∼
Uunc ← ∼

H M−1U unc(k),
Û unc ←M−1U unc(k), ρ← [ρ1(k) ρ2(k) . . . ρn(k)]

T ,
ρ← ρ1(k), ysut ←

∼
H sut

∼
Uest(k), and i← 1. Note that to

guarantee termination of the algorithm, a stopping criterion
can be implemented, as proposed in [21].



C. Computational Complexity

Based on the previous discussion and (19), when backtrack-
ing occurs only two additions (one for ydiagi + ysuti and the
other for (∗)2 + ρ2i+1), one multiplication (for squaring the
term within the parentheses (∗)2) and one subtraction are re-
quired, regardless of the dimension of the lattice point. This is
in contrast to [17], where for an i-dimensional point n− i+ 2

additions (since the complete dot product
∼
H(i,i:n)

∼
U i:n is

computed, meaning that n−i additions are required in addition
to these two mentioned before), one multiplication and one
subtraction are required. Moreover, this is done only for one
sibling node and not for two as in Algorithm 1.

With regards to the computations performed during the
branching procedure, these are summarized as follows. For the
computation of the tentative ysuti , performed once per level,
n− i additions are required for an i-dimensional lattice point.
Then for each point, regardless of its dimension, only two
additions (one for ydiagi + ysuti and the other for (∗)2 + ρ2i+1),
one multiplication (for squaring the term within the parenthe-
ses (∗)2) and one subtraction are required. Finally, it should
be noted that—as with the backtracking procedure—at most
two sibling nodes are examined.

Summarizing the computations performed, the following
expressions result

Na = 2(μ− 1) +

μ∑
ν=1

(
n−m(ν)

)
,

Ns = 2μ , Nm = 2μ ,

(20)

where 1 ≤ m ≤ n denotes the dimension of the point (i.e.,
level of the tree), and μ the maximum number of nodes visited.
Furthermore, Na, Ns and Nm denote the number of additions,
subtractions and multiplications, respectively. As can be seen,
the reduction in the flop count is significant compared to
Algorithm 1, where the respective flops are given by

Na = 3

(
μ− 1 +

μ∑
ν=1

(
n−m(ν)

))
,

Ns = 3μ , Nm = 3μ .

(21)

Note that the same number of nodes is visited with both
implementations7. What changes is the flop number.

In Fig. 4 the computational complexity—in terms of the
real-time flops—is shown. More specifically, the maximum
number of operations performedNt by the presented algorithm
is shown for different prediction horizons and it is compared
with that of the sphere decoder as proposed in [17] and of its
initial implementation [15]. Note that (slightly) more nodes are
visited with the latter approach. As can be seen, for a ten-step
horizon the flops are reduced by up to 55% and 75% compared
to the approaches proposed in [17] and [15], respectively8.

7Strictly speaking, this is not totally true. As explained, with the proposed
implementation n less nodes are examined thanks to the fact the search process
starts from a leaf node, after having a candidate (i.e., the estimated) solution.

8If we do not consider the n nodes visited when computing the initial
radius, then the reduction is greater. For example, for the ten-step horizon
case, the flops performed are 3,254, i.e., the reduction in the flops reaches
61% and 79% compared to the approaches proposed in [17] and [15].
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Fig. 4: Maximum number of flops Nt as a function of the prediction horizon
N as resulting from the sphere decoder in [15] (dashed line), the sphere
decoder in [17] (dash-dotted line), and the proposed algorithm (solid line).

V. PERFORMANCE EVALUATION

The presented simulation results were obtained based on an
MV drive (Fig. 1) consisting of a squirrel cage IM with 3.3 kV
rated voltage, 356A rated current, 2MVA rated power, 50Hz
nominal frequency, 0.25 p.u. total leakage inductance, and a
three-level NPC with the constant dc-link voltage Vdc = 5.2 kV
and a fixed neutral point N. The sampling interval was set to
Ts = 25μs. For all cases examined below, the converter was
operated at a switching frequency of approximately 300Hz
by appropriately tuning λu. All results are shown in the p.u.
system.

The steady-state performance of the drive is shown in Fig. 5.
The horizon N = 10 case is investigated; the weighting factor
λu = 0.1 is chosen. As can be seen in Fig. 5(a), the three-
phase stator current waveforms—illustrated over one funda-
mental period—accurately track their references. The resulting
current spectrum is shown in Fig. 5(b); the total harmonic
distortion (THD)—which quantifies the accuracy performance
of the controller—is relatively low (4.95%), considering the
low switching frequency. Finally, Fig. 5(c) shows the three-
phase switching sequence.

In Fig. 6 the THD for different lengths of the prediction
horizon is shown. As can be seen the THD decreases as
the horizon increases, as expected. What it is worthwhile to
mention, is that the exact same drive performance is achieved
with the algorithms presented in [15] and [17]. This implies
that the proposed modifications do not affect the optimization
stage, meaning that the optimal solution is always found.

VI. CONCLUSIONS

This paper proposes an alternative implementation of the
sphere decoding algorithm employed to solve the long-horizon
direct model predictive control (MPC) problem for current
reference tracking. The optimization algorithm is implemented
in a way to fully exploit the structure of the problem; both
the branching and backtracking procedures are refined to keep
the real-time computations to a minimum, and at the same
time without sacrificing optimality. Thanks to the proposed
modifications, the computational burden can be reduced by
more than 75% and 55% for long horizons and a three-level
converter, compared to that required for the search algorithms
proposed in [15] and [17], respectively.
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(a) Three-phase stator current is (solid lines) and
their references (dash-dotted lines).
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(b) Stator current spectrum. The THD is 4.95%.
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Fig. 5: Simulated waveforms produced by the direct model predictive control problem with current reference tracking at steady-state operation, at full speed
and rated torque. A ten-step horizon (N = 10) is used, the sampling interval is Ts = 25μs and the weighting factor λu = 0.1 such that a switching frequency
of approximately 300Hz results.
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Fig. 6: Stator current THD as a function of the prediction horizon N . The
data points relate to individual simulations, which were approximated using
a polynomial function of second order.

APPENDIX

The matrices D, E, and F of the continuous-time state-
space model of the drive (3) are

D =

⎡
⎢⎢⎢⎣
− 1

τs
0 Xm

τrΦ
ωr

Xm

Φ

0 − 1
τs
−ωr

Xm

Φ
Xm

τrΦ
Xm

τr
0 − 1

τr
−ωr

0 Xm

τr
ωr − 1

τr

⎤
⎥⎥⎥⎦ ,

E =
Xr

Φ

Vdc

2

⎡
⎢⎢⎢⎣
1 0

0 1

0 0

0 0

⎤
⎥⎥⎥⎦K, F =

[
1 0 0 0

0 1 0 0

]
.
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